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Organization

of the course

>\ UNIVERSITY OF

9:30—10:15
10:15—-10:45
10:45—11:30

11:30—-13:30

13:30—14:15
14:15—14:30
14:30—16:30

18:00—19:30

19:30—-21:30

Monday 25 — Friday 29

Theory Lecture 1
Coffee Break
Theory Lecture 2

Lunch Break

Practical Lecture
Short Break

Hands-on Session
Dinner

Team Problem Solving Workshops

45 min

45 _min

45 min

2h

2h
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Handouts and Tutorial Sheets
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Handouts Tutorial Sheets

An introduction, to derity functional theory for experimentalists

Lecture 1.1

Ab initio materials modelling

) softvre package

.29 iy 2016 F_Gusino Tuwrsl 11] 1016
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Textbooks XFORD

MSc and 1st year PhD level

Advanced PhD level:- .~ Theoretical foundations

Richard M. Martin

Materials
Modeling
using Density

Density-Functional
Theory of Atoms
and Molecules

Electronic Structure

Basic Theory and Practical Methods

ROBERT G. PARR
and
WEITAO YANG

Functiunal Theary *.

Properties & Predictions

OXFORD SCIENCE PUBLICATIONS

ANO GIUSTING
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Impact of DFT ‘TOR

THE TOP

100

PAPERS

Interview by R.\Van Norden

Nature 514, 550 (2014) 1 W) ae702

8 O 46,145
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Impact of DFT UNIVERSITY OF

OXFORD
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Year Year Year

HK 1964 Hohenberg, Kohn, Phys. Rev. 136, B864 (1964)

KS 1965 Kohn, Sham, Phys. Rev. 140, A1133 (1965)

CA 1980 Ceperley, Alder, Phys. Rev. Lett. 45, 566 (1980)

PZ 1981 Perdew, Zunger, Phys. Rev. B 23, 5048 (1981)

PBE 1996 Perdew, Burke, Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)
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Examples of DFT calculations OXFORD

Structure of nanodiamonds

C147 (1.2nm) Diamond core

Diamond

4nm
Nanodiamond N

/ N~/
/ N
\ =
/ ./ 1nmC147
{01 L i ! L
281 282 283 284 285 286 287 288 289
Photon energy (eV)

Absorption (arbitrary intensity)

Fullerene-like surface

Raty, Galli, Bostedt, van Buuren, Terminello, Phys. Rev. Lett 90, 037401 (2003)
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Examples of DFT calculations
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Heat capacity of superconducting MgB,

Experimen{ '
6L * Wang etal S
P o Bouquet et al s
¥.| © Yangetal . o4\
5 Theory « yA
€ 4k BCS model » o
35 ’ S
& ~Choietal o
1S 0
o e e i
To e
J =
0 .
0 10 20 30 40
T(K)

Choi, Roundy, Sun, Cohen, Louie, Nature 418, 758 (2002)
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Examples of DFT calculations
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Temperature (K)

Alfe, Gillan, Price

10,000

Go:h&:iMchueen I
Eneted (
b —Qwuejsxsetal. (Z
9 1Y -
6,000 _L—L, //%;/,/’
e ////,
4,000 31?/‘/ :
2'00050 100 150 200 250 300

Pressure (GPa)

, Nature 401, 462 (1999)

350
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Examples of DFT calculations

Brittle fracture in silicon

Kermode et al, Nature 455, 1224 (2008)
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Examples of DFT calculations

Rational design of halide perovskites

uE EEEEEENEEEEEEEES L EE | |

3.0 5%
ol B ComrEerE ey 2 e
a N EssmEs mEos"J | GEl B
r EEREEBEE> LEP R B | "'l‘;é
23 > 5 5z 28 ¥ 2 8c 8 5 & &
"EREE (0@ o) aEE Y
s VEAEHE CEHEO-.,-TEEE 03z
& HEE FEGCETCEEE J%°
e PRI R | NG IIEIZ;
gcl%zs%sz&ﬁﬁm
| om ] OE oy
o [ O 0-ma(e IIIDImg
a QUOBd s o mmmE®E ¢
F AN om0 ol

Filip, Giustino, J. Phys. Chem. C, 120, 166 (2016)
Volonakis, Filip, Haghighirad, Sakai, Wenger, Snaith, Giustino, JPC Lett. 7, 1254 (2016)
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Examples of DFT calculations OXFORD

Rational design of halide perovskites

Filip, Giustino, J. Phys. Chem. C, 120, 166 (2016)
Volonakis, Filip, Haghighirad, Sakai, Wenger, Snaith, Giustino, JPC Lett. 7, 1254 (2016)
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Timeline of DFT methods

UNIVERSITY OF

1964
1972
1980
1984
1985
1986
1987
1988
1991
1996

Hohenberg—Kohn theorem and Kohn—Sham formulation
Relativistic extension of density functional theory

Local density approximation for exchange and correlation
Time-dependent density, functional theory,
First-principles: molecular dynamics

Quasiparticle corrections for insulators

Density functional perturbation theory

Towards quantum chemistry accuracy

Hubbard-corrected density functional theory

The generalized gradient approximation

Exponential rate of progress in the past two decades...
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What is DFT so popu|ar? NIVERSITY OF

¢ Transferability
We can use the same code/methods for very different materials

e Simplicity
The Kohn-Sham equations are the closest, thing to the usual Schrodinger
equation that we can think of

® Reliability
Often we can predict materialsproperties with, high accuracy, sometimes
evenbefore the actual experiment

¢ Software sharing
The development.of DFT has become a global enterprise, eg open source
and collaborative software development

e Reasonable starting point
Often the shortcomings of DFT can be cured by using more sophsticated
approaches, which still use DFT as their starting point
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Many-body Schrodinger equation

( Materials = Electrons + Nuclei ]

e Schrodinger equation for the H atom
(nucleus at r = 0)

R et 1

VZY(r)

¥(r) = Eyor¥(r)

2me 7 4meq m

e wavefunctions of H

[from Wikipedia] *
1s 20 3d 2
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Many-body Schrodinger equation

Many-body wavefunction (to fix ideas: only 3 electrons)

P(r) - ¥ =U(ry,ro,r3)

Probability of finding electron #1 atithe point r

prob(ry =r) :/|\If(r,r2,r3)]2 dradrs

Electron density at-the’point r
n(r) = prob(ry=r) + prob(ra=r) + prob(rs=r)

Electrons are indistinguishable

n(r) =3 / (W (r, v, 13) 2 dradrs
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Many-body Schrodinger equation

[ (kinetic energy + potential energy ) ¥ = Eo; ¥ ]

kinetic energy, electrons and nuclei
N

potential energy, electron-electron repulsion
1 Z 62 1
2 ATegjri\—r;
i) 0 ) i ]‘
potential energy, nucleus-nucleus repulsion
1 Z 62 Z[ZJ
2 127 471’60 |RI — RJ|
e potential energy, electron-nucleus attraction

S
- Ameq |r; — Ry
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Many-body Schrodinger equation

NIVERSITY OF

h? R? 1 e? 1
- vZ_ Vg Z
ZQme v EI:QAI[ I+2§4ﬂ'€0 ‘I‘i—I‘j‘
1)

(2

2 2
4= Z AR, Z‘e‘ Zr U= B U
I;éJ 471'60 |R]—RJ| il 47‘(60 |I‘i—R[|
Hartree atomic units

® masses in units of m. (electron mass)

® |engths-in units of ag (Bohr radius)

® energies in units of 62/47reoa0 (Hartree)

-
_;§V§_27VQ Z‘rlfrj‘

AV, Zr
L1 _ U= B, U
;|RI*RJ| ;h‘i*Rﬂ o
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Many-body Schrodinger equation

MBSE MBSE in Hartree units
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Exponential wall

Storage requirements for the many-body wavefunction of a unit cell of

silicon (diamond structure)
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complex numbers

[ 10%° Terabytes ]

F. Giustino

8 of 17 | Lecture 1.2



UNIVERSITY OF

Clamped nuclei approximation

Set nuclear masses M; = oo:

1, 1 o5 1 1
IEREDI AR DM e
¢ 7] J
1 Z[Z ZI
+7Z F&— T W= B U
2 =) [—RJ| ;I‘i—R[ ©

v§
_;7+§i:vn(rz Z\rl—rj\ —hY

]

Electronic structure theory in a nutshell
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Independent electrons approximation Y TOR

® Independent particle Hamiltonian

Hy(r) = —%v2 + Va(r)

® |ndependent particles + Coulomb

Zﬁo(ri)\lf(rl,...rN)Jr% ‘

e |f we neglect this electron-electron Coulomb 'repulsion, then electrons will
not ‘feel’ each othéer— probability’ of independent events

U(ry,reh -+ ry) = ¢1(r1) - dn(rn)
Ho(r)¢i(r) = €ii(r)

Zﬁg(ri)\ll(rl,...rN)—E\I/(rl,...rN)[ Bt ten }
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Example: Ground state Of He NIVERSITY OF

e |dependent particle equation (Z = 2) H|-|2e
1 9 oo
—SV2(r) — = p(r) = e¢(r) o | F|ne
2 || W | e | e
S | ¢l | Ar
® | owest-energy solution Sutar | Cpiore | proen
3/2 22
r) = ——exp(=2|r with\ 7By = ——
(2515( ) ﬁ p( | |) 1s 2

e Ground-state many-body:-wavefunction in the-independent-electrons
approximation

W(rs, w2 260 615(r2) = exp[-2(Je1| + Jea])]

e -Ground-state energy in the independent-electrons approximation

E=2F, =—-4 Ha=—-108.8 eV
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Exclusion principle

® Let us calculate the electron density for 2 electrons in the
independent-electron approximation

n(r) = Q/I‘I’(r,rz)\2dr2 = 2/I¢51(r)l2|¢2(r2)\2dr2 =261 (r)|?

e Admissible wavefunctions'must be antisymmetric w.r.t. exchange of
space/spin.variables. ‘Slater determinant’ for a spin-compensated system

i [¢1(r1)¢2(r2) — o1 (1‘2)¢2(I‘1)]

U(ryyrs)= 7

® |et us try the density again

n<r>=2/ |w<r,r2>|2dr2=[ 161 ()2 + |a ()2 ]

12 of 17 | Lecture 1.2 F. Giustino
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Mean-field approximation

® The electron density can be used to determine the electrostatic field
generated by the electrons

57 V()| 4tr) = il

e This is-Hartree's self-consistent field approximation (1928)

Advantages No need for the many-body wavefunction
Shortcomings Requires iterative solution

13 of 17 | Lecture 1.2 F. Giustino



Exchange energy

NIVERSITY OF

® The Hartree approximation does not incorporate the constraint on the
antisymmetry of the many-body wavefunction, ¥(rz,r1) = —U(r rs)

® |ncorporating this constraint in the mean-field equation’ leads to a new
potential energy contribution, the Fock-exchange
[Sec. 2.8 and App. A of book]

2
= T )| (xR 5 )

¢3(r")9,(r)
N o j J
Vx(r,r') = Z Tw—r]
Jj€occ
® The Fock potential ‘enforces’ Pauli's principle by making sure that

o 7same-spin electrons repel each other
o opposite-spin electrons attract each other

® The Fock potential is non-local

14 of 17 | Lecture 1.2
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Correlation energy

e So far we assumed that electrons are independent, that is uncorrelated

prob(ry, ry) = prob(ry) x prob(rs)

e This is not true since electrons do repel each other, therefore the ‘true’
wavefunction cannot be expressed'as a Slater determinant

Uirne(B1,73) # % [p1(ry)da(ra) — ¢1(r2)da(ry)]

e Since the Slater\determinant is really useful for practical calculations, we
keep using it, but we pay the ‘price of adding yet another potential

1
—2v2+VH+VH+VX+‘/C:| Qi = €; i

T

correlation

potential
15 of 17 | Lecture 1.2 F. Giustino



Example: Ground state of He

NIVERSITY OF

2
He
Helium
4.00
8 9 10
(o] F Ne
Oxygen | Fluorine Neon
16.00 19.00 20.18
16 17 18
S Cl Ar
Sulfur | Chlorine Argon
32.07 3545 39.95

Kinetic energy + electron-nucleus intéraction —3.89 Ha\ | —105.8 eV
Hartree energy +2.05 Ha  +55.8 eV
Fock exchange energy —1.02 Ha  —27.8 eV
Correlation energy —0.04 Ha —1.1eV
Total energy —2.90 Ha  —78.9 eV
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Kohn-Sham equations

1
—§V2 + Vi + V't V};C] Py =8 Pi

T

Exchange and Correlation
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Functionals

Density Functional Theory = theory about the energy of electrons
being a functional of their density

Function Functional
—
(z) = 32° glx) = 327
20— — 20— —
151 a 15H -
10 aNah 2 1o _
5t R 5t 4
x T
o o
R T
9(2) =12 Flg] = [; dzg(z) =8
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Functionals

The total energy is a functional of the wavefunction

HUV=EV — E:/drl...drN U*(rq,....enDH U(rq, ... rN)

So for a generic quantum state-we have

U(ry,...,tnF 2> B E:E[\If(rl,...,rN)]‘

S

Hohenberg and'Kohn (1964) discovered that, if we are talking about
the lowest-energy state, ‘we also have

Ne) — =B

The total energy is a functional of the density

4 of 13 | Lecture 2.1 F. Giustino
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Hohenberg-Kohn theorem

In Lecture 1.2 we had:

|:Zv2?+ZVn(ri)+;Z ! U ='ET

= AT 7

In order to prove the'HK:theorem we rewrite'the energy.more compactly

. . vl 1
E_/drn(r)Vn(r)+<‘I’|U\‘I’>7 Uxe- 7"‘5;@

i

Now we want to show the following

In“the ground-state, the electron density n(r) uniquely determines the
external potential V;(r)

5 of 13 | Lecture 2.1 F. Giustino
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Hohenberg-Kohn theorem

® Assume there are two potentials V3 and V5 for the same density

By solving the MBSE for each potential we find thedowest-energy states
FEq, ¥y and E5, Us, respectively

Since ¥ is the ground state.of.V/j 'we have
Since ¥, is not the ground- state of V5 we have
fn‘/g + <‘I’1|UI\I/1> > Fy
The difference gives
Jn(Vi =Va) > Ey — Ey
By-repeating the same argument starting from ¥, we have
fn(ngVl) > FEy — By

® The sum of the last two equations yields the contradiction 0 > 0

6 of 13 | Lecture 2.1 F. Giustino



Hohenberg-Kohn theorem

NIVERSITY OF

7 of 13 | Lecture 2.1

In~the ground:state the electron
density‘n(r) uniquely determines
the-total energy E

HK variational principle

Any n/(r) # n(r) yields V' # V
and ¥’ #£ U, therefore £’ > E.

F. Giustino
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The energy functional OXFORD

The HK theorem states that, in the ground state, the total energy of many
electrons is a functional of their density, £ = E[n(r)].

But what is the form of this functional?

The energy functional-is unknown

The scream by E. Munch (1910)
8 of 13 | Lecture 2.1 F. Giustino
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The energy functional XFORD

U
/drn Wal(r /d dr ,77 II“) + | Everything Else

External potential Hartree energy

Kohn and Sham (1965) proposed to

(1) express the electron'density :
as if we had a system of independent electrons

n(r) = D7 16i(r)[?

i€occ

(2) isolate the kinetic'energy of these independent electrons from the
‘Everything Else’ above

2
Everything Else |= — Z/ dr ¢; (r)%d)z(r) +

Exchange and Correlation

E:EC
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Kohn-Sham equations

Total energy

:/drn(r) o /d dy' ) /dr i (1) + Exe[n]

We find the lowest energy state by looking for 'stationary points of E[n]
[the derivation can be found in AppendixB of the book]

oF
% — O
(ilo;) = i

This leads to the Kohn-Sham equations

%v? b Va(r) + Var(r) + Vao(r) | 64(r) = €164 (r)

5Ea:c

on
Exchange and Correlation Potential

Vzc =

10 of 13 | Lecture 2.1 F. Giustino
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LDA — Local Density Approximation

Homogeneous electron gas

n(r) = constant

§(§)é niv

B HEG __
EG =0t

[3
HEG 1
n EpPA :/——E“" ] g _§(§)3 /n%(r)dr
Ty Vv 4\
> N Ny 14 14
2 '
8 SELPA 3\# 1
I 1l n LpA _ 98— (93 1
o= 22 (3 s

Position

F. Giustino
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SCF - Self-consistent field calculations

Initial guess
for electron density

— o4

Vi) 2 i) || Vaelr) = el
Vier(r)=Vi(r) + Va(r) + Violr)
v
1, ‘
[ w6 = s
!

n() = 3 6,02
Y

New energy = Old energy

YES

()
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SUCCGSSGS and failures UNIVERSITY OF

OXFORD

1

18
1A 8A
1 2
1 He
Hydrogen 2 13 14 15 16 17 Helium
2A 3A 4A 5A B6A 7A 4.00
3 4 5 6 7 8 9 10
2| Li Be B C N (o] F Ne
Lithium Beryllium Boron Carbon Nitrogen Oxygen Fluorine. Neon
9.01 10.81 12.01 14.01 16.00 19.00 20.18
1 12 13 14 15 16 17 18
3| Na Mg Al Si P S Cl Ar
Sodium 3 4 5 6 7 8 9 10 11 12 | Awminum | silicon ol Sulfur | Ghiorine |, Argon
22.99 24.31 3B 4B 58 6B 7B 8B 1B 2B 26.98 28.09 30.97 32.07, 35.45 39.95
19 20 21 22 23 24 25 26 27 28 29 30. 31 32 33 34 35 36
4| K Ca Sc Ti v Cr Mn Fe Co Ni Cu Zn Ga | Ge-| As Se Br Kr
Potassium | Calcium | Scandium | Titanium | Vanadiam | Chromium won | Cobatt |(iickel [\Copper | zinc | Galium Arsenic | Selenium | Bromine | Krypton
39.10 40.08 44.96 47.87 50.94 52.00 54.94 55.85 58.93 58.69 63.55 65.39 69.72 72.61 74.92 78.96 79.90 83.80
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
5| Rb Sr Y Zr Nb | Mo | Tc [ Ru./| Rh Pd | Ag-| Cd In Sn | Sb | Te | Xe
Rubidium | Strontium; Yitrium Zirconium | Niobium Technetium | Ruthenium | Rhodium | Palladium Silver Cadmium Indium Tin Antimony J Tellurium lodine Xenon
85.47 87.62 88.91 91.22 92.91 95.94 (98) 101.07 102.91 106.42. 107:87 11241 114.82 11871 121.76 127.60 126.90 131.29
55 56 57 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
s| Cs | Ba | La Hf | “Ta W | Re | Os Ir Pt | Au | H TI Pb | Bi Po | At | Rn
Cosium | Barium [ Lanth Hafnium | Tantaum | Tungston | Rhenium | Osmium | widum | Platium | Goid | Morcury | Thalium | Load | Bismutr | Polonium | Astatine | Radon
132.91 137.33 138.91 178.49 180.95 183.84 186.21 190.23 192.22 195.08 196.97 200.59 204.38 207.2 208.98 (209) (210) (222)
87 88 89 104 105 106 107 108 109
7| Fr Ra | Ac Rf Db |.Sg |.Bh | Hs Mt
Francium | Radium | Actinium Dubnium Borium | Hassium | Meitnerium
(223) (226) (227) (261) (262) (266) (264) (269) (268)
58 59 60 61 62 63 64 65 66 67 69 70 71
Ce | Pr [Nd | Pm | Sm | Eu | Gd | Tb | Dy | Ho Tm | Yb | Lu
Gorium Samarium | Europium Terbium [0y Holmium Thaliom | Yterbium | Lutetium
140.12 140.91 144.24 (145) 150.36 151.96 157.25 158.93 162.50 164.93 168.93 173.04 174.97
90 91 92 93 94 95 96 97 98 99 101 102 103
Th | Pa U Np | Pu | Am | Cm | Bk | Cf | Es Md | No | Lr
Thorium Uranium | Neptunium | Plutonium | Americium | Curium Berkelium Fe Nobelium
232.04 231.04 238.03 (237) (244) (243) (247) (247) (251) (252) (258) (259) (262)
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Born-von Karman boundary conditions

DFT calculations require the numerical solution of the KS equations

7%V2¢i(r) + Vios(r) ¢4 (r) 555193 (r)

27 order PDE — for every 4 and z we need:2 boundary conditions on

® Localized system
atorn { molecule |.nanocrystal
oi(z,y,z) =0 -for = —o0, oi(r,y,z) =0 for =400

e Extended 'system
solidy] Biquid
d)t('T +a, Y, Z) = ¢L(‘ra Y, Z)a VQ%(T +a, Y, Z) = vd)i(xv Y, Z)

Periodic (BvK) boundary conditions
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Born-von Karman boundary conditions

DFT calculations for solids, liquids, interfaces, and nanostructures
are performed using BvK boundary conditions

amorphous SiO, H20O molecule
\" \"

~'Ib ~‘
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o
w
2
=
S

OXFORD

Planewaves

A convenient way of handling the KS wavefunctions is by expanding them

in a basis of planewaves ——— standard Fourier transform

+o0
1D case ( ¢(a) = Z cp eimna/a

|

BvK conditions built in

y\
i

AWy
RN

%

o
RE RN

.........‘.
y A g
..-Fnﬁnnnnnnnn

A7

Re ei2mz/a

(z)

oz +a)= ¢
Vé(x +a) = V()

Im ei27z/a

1.0
0.6

0.2
02|

-0.6 |
1.0

2.0

15

1.0

0.5

x in units of a

0.0

-1.0

F. Giustino
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Planewaves

In 2D and 3D we replace 27 /a by the primitive vectors of the reciprocal lattice, eg

as X as
b1 =27

a] -az X as

Reciprocal lattice vectors

G = m1b; + mabs 4+ m:;bg, with mi, Mayms integers

direct lattice reciprocal_lattice

Example: graphene

Planewave in 2D or 3D ‘ exp(iG-r) ’
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Planewaves

Kohn-Sham wavefunction in a basis of planewaves

¢i(r) = ZG ¢i(G)exp(iG - 1)

By replacing in the KS equations we obtain

G?

2

ci(G) + ZGIVtot(G—G’)cZ»(G’) ="g; ci(G)

How many) planewave G-vectors should we include’in the expansion?

IG| = 27 /a
G 2

|G|=2-27/a Ecut = —| r;ax|

|G‘ =3. 27r/a planewaves kinetic energy cutoff
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Pseudopotentials

UNIVERSITY OF

Atomic levels of silicon (DFT/LDA)

=} ATS \ N
- T Tl )
AL L VR i~ oo
§ T (& [ | o ] 80 |G %Egg
| T
1s 252p 353p
—
-1800 -1600 -1400 -+¥1200° -1000 -800 -600 -400  -200 0
Energy (eV) -

8 of 12 | Lecture 2.2

Only valence electrons
are important for

bonding and structure

F. Giustino



Pseudopotentials

UNIVERSITY OF

XFORD

Atomic wavefunctions of silicon (DFT/LDA)

Si-Si bond Si-Si bond

core

Upi (1) (bohr=1/2)

T T

valence:

9 of 12 | Lecture 2.2

1 1
1 2 3 4 5 6
r (bohr)
F. Giustino



Pseudopotentials

UNIVERSITY OF

OXFORD

Contain planewaves cutoff by removing nodes ——— pseudization

0.8

0.6

0.4

0.2

0.0

Ui () (bohr=1/2)

-0.2

0.4 -

10 of 12 | Lecture 2.2

Si 3s (AE)
1 2 3
r (bohr)

Uy (r)(bohr—1/2)

“pseudization”

region
0.8 F T T T T ]
Si 3s (PS)
0.6 -
0.4
0:2
0.0
cutoff
0.2 radius
0.4 | 1 (| 1 1 T
0 1 2 3 4 5
r (bohr)

F. Giustino



Pseudopotentials

Reverse-engineer the pseudo-potential potential which gives the

pseudo-wavefunction as solution of the atomic Schrodinger equation
1 d? 1 d*ul®
2 dr? 2ulS  dr?

PS PS,  PS PS PS
uss + ‘/38 Uzs = E3s U3g 7 VY35 = E3s +

“pseudization”
region
1 T T

T T T T T
s-channel
Si pseudopotential

(r) (Ha)

PS
Vs
v
w
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Brillouin zone sampling

UNIVERSITY OF

In crystalline solids we label electronic states by their Bloch wavevector k

[see books by Kittel or Ashcroft & Mermin]

Bloch theorem ¢k (r) = X Tuy(r) with w(r + R)= ug(r)

n) = 3 0P =2 30 | Sl T 3o Y o

1€occ 1€0cc keBZ 1€o0cc

Brillouin zone of fcc crystal (eg silicon)

DFT codes use a uniform discretization of this
volume, and reduce the number of k-vectors

using the crystal symmetry operations

12 of 12 | Lecture 2.2
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Lecture 3.1

Equilibrium structures
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Equilibrium structures XFORD

In order to find the equilibrium structures of materials

1) We determine the potential energy surface of the ions

2) We look for the minima of this surface —— zero net forces on the ions

Potential energy

lonic coordinate
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Born-Oppenheimer approximation

- . o

Back to the complete many-body Schrodinger equation for electrons & nuclei

v
72 )
3

V% Zr ZIZJ _
2 Ry Zm-m DI vl

I#J IRffRJ‘

Here U = U(ry,...,ca, Ry Ryy)

Example: the wavefunction of an(electron
vs the wavefunction of the Pb-nucleus

L d2(x)
iy + Ca?y(a) = Ei(a)

wavefunction (bohr'?)

Il 1
3002 0 1 2 3
position (bohr)
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Born-Oppenheimer approximation XFORD

Born and Oppenheimer (1927) proposed the following approximation
® Factorize the electron-nuclear wavefunction

‘~I’(I‘17..,7I‘N,R17...,R]w) ~ ‘IIR(I‘17...,I‘N)X(R1,..,7RM)

® Find the electronic part as the ground(state of Schrodinger equation with the
nuclei clamped at Rq,...,Raz

Z

1 1
NN — | Yr =ER1,...,Ry) ¥
(rs; )+2;|ri—rj| R (R1,...,Rm) ¥R

® Replace the result in the complete MBSE of the previous slide
4

A
Z‘Rll_l‘]{t}‘ E(Rh"wR]W) X:EtotX

Schrodinger equation for nuclei
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Potential energy surface XFORD

VAV
+ E(R4,...,R = FEio
ZlRI_RJ| ( 1 M) X tot X
Kinetic Energy Potential Energy

Potential energy surface

Z1Z;
22| +E®R,...,Ru)

127 Ri R

Coulomb repulsion
between positive nuclei

Glue resulting from the
negative charge of the electrons
(we get this from DFT)

6 of 15 | Lecture 3.1
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Potential energy surface

UNIVERSITY OF

OXFORD

H3 molecular ion

Example from Exercise 4.4 of the book

s
< <
|<T>|

7 of 15 | Lecture 3.1

150

100

50

Energy (eV)

Coulomb repulsion

Electronic glte |
. :

Potential energy -
‘surface’

H-H distance d (A)

F. Giustino
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Classical nuclei 19):¢:(0):3))

From slide #4

wavefunction (bohr'?)

position (bohr)

V? classical nuclei P%
-5 URi,..., Ry o= N2 L 4 U(Ry, ..., R
2En +U(Ry M) 3 +UR: M)

PR, oU
— L —F;=-—
dt? ORy

1

Newton's equation for nuclei
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Structural optimization XFORD

Finding the minima of the PES using damped molecular dynamics

P’z OU 2Mdx

M— =
dt? ox T dt

Friction term

Tit1 — 2Ti + Ti—1 U(xi) —U(xio1)  2M xip1 — i1
Verlet) M = < L OO— ————
( ere ) At? Ti — Tj—1 T 2At

<« Initial guess

<— Equilibrium coordinate

lonic. coordinate

Fictitious time
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Structural optimization

UNIVERSITY OF

Initial guess for ionic positions
Ri,...,Ryp

Calculate electron density n(r)
D FT and total energy E
!

Calculate forces on-ions
Fr=-0U/O0Ry

I

Y

Update.ionic positions
(eg using damped Verlet)

New positions

NO

Old position:

10 of 15 | Lecture 3.1
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Examples

Simplest case of structural optimization:

* T T -11.1458 T T T T T T T
25 | 4
. o -11.1459 P d = 1.1019A
L E >
@ 20 ICA E =-11.463 eV
15 | 4 > -11.1460 |- ]
8 B
2 10t B g
S & -111461 [ s
o 5F g}
£ D/e’e"e‘( 5 -11.1462 X 4
€ 0 £ \ /5
5 5 S
> st i = -11.1463 S
-10 | 4
A o n e w8 m o
-15 L L L L L $ 8 8 g &8 &8 8 8 2
3.3 3 2 2 5 5 5 = =
0.0 0.5 1.0 15 2.0 25 3.0 b S S S R S S S
N-N bond length (A) N-N bond length (A)

| ‘DFT/LDA  Experiment  Rel. Error

bond length (A) 1.102 1.098 0.4%
binding energy (eV) 11.46 9.76 17%

Note Nitrogen is [152]252p3, therefore it has a spin S = 3/2 after the first Hund's
rule. These calculations are spin-unpolarized (N2 has 14 electrons), therefore the result
at large separation is higher than twice the energy of one N atom
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Examples

Structural optimization of bulk crystals: Silicon

3 1 3%
8 18
5 Q -
5 1 5.
a 2 \ 1 2
8 8- :
N———" g dia
1 L 1 1 1 L 5.6 i i L 1 I i i I
5,67 8 9 10 11 42 44 46 48 50 52 54 56 58 60
Lattice parameter (A) Lattice parameter (A)
| DFT/LDA  Experiment  Rel. Error
lattice\parameter (A) 5.40 5.43 0.6%
cohesive energy (eV) 5.30 4.62 15%
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Examples

Structural optimization of surfaces: Clean Si(001) surface

unit cell periodic replicas

surface
atoms

52 Si atoms | 13 layers | 8 H atoms for passivation | 4 layers kept fixed
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Examples

Structural optimization of surfaces: Clean Si(001) surface

SR X

1.5 eV/dimer

Si(001)-(2x1) SDM

Si(001)-(2x1) ADM g

157 meV/dimer

74 meVidimer

Si(001)-(2x2)
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UNIVERSITY OF

Comparison between calculated and measured STM images

Si(001)-(2x1) SDM  Si(001)-(2x1) ADM Si(001)-(2x2) Si(001)-(4x2)

Experimental STM image courtesy of T. Yokoyama
http://dx.doi.org/10.1103/PhysRevB.61.R5078
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Lecture 3.2

Elastic’ properties
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Elastic properties

Gl brittle ductile
fracture rupture
------------- plastic
Yield deformations
stress
elastic
: regime
= g
ANd e

silicon (diamond structure) bcc tungsten

brittle
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Heuristic approach

Notion of stress and strain: a computer experiment on silicon

Equilibrium structure Stretched slab
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Heuristic approach

UNIVERSITY OF

A

11

h| | before

5 of 12 | Lecture 3.2

Ah
after o= e

A h

transverse size 7.635 A

no. of surface atoms 4

force per atom 0.682 eV/A

o 7.5 GPa

€ 5%

Y 150 GPa

experiment 166 GPa

deviation 11%

F. Giustino
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General theory

L

Ah Work-energy theorem

The work of externalforces on a system
equals theiincrease of its total potential
and Kinetic energies

h| | before || after

_ h+Ah - h+Ah F(Z)%_ 60. o € cde— L 62
av= |7 e Ah/h - h_Q/O de=0 [ Cede= 300
10U 1 0*U
(= 7Y _
Q Oe Q Oe?

6 of 12 | Lecture 3.2 F. Giustino



UNIVERSITY OF

General theory

General transformation of the atomic coordinates: the strain tensor

o= _(0as +cap)Rig
5

_1ou AU _1
70T Qe Q2P
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General theory

Voigt notation

€xx €xy CExz
€ap = Cyy  Cyz

Engineering strain
AU 1
— = —Ciuiu; with
Q - 27
62 =-36>constants
(21 independent)

Example: Cubic system
Cii Ci2

Cij =

8 of 12 | Lecture 3.2

— €; =

7]

€1 €6 €5
€9 €4
€3

e ifi=1,2.3
s if i = 4,5,6

F. Giustino



Practical calculations

UNIVERSITY OF

Isotropic deformation

Ul = U2 =uUu3 ="n

AU

9 of 12 | Lecture 3.2

3
—Z = 2(C11 4 2C12) ?
a 2( 11 +2C12) 7

Tetragonal deformation

up =uz = —n
uz = 2n
ug =us =ug =0
AU

—— =3(C11 — C12)1?
a (C11 12)7M

Trigonal deformation

4

uy =ug =uz =0

ug =us =0

F. Giustino



Practical calculations

UNIVERSITY OF

Elastic constants of silicon in GPa

| DFT/LDA  Experiment_ Rel. Error

161 165.6 3%
62 63.9 3%
78 79.5 2%

Bulk.modulus of tungsten in GPa
o*U

B=00a

1
= g(Cn +2C12)

| DFT/LDA  Experiment  Rel. Error

B

en-wikipedia.org/wiki/ Tungsten
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Practical calculations

e The stress tensor can also be calculated ineDFT
w/o considering explicit distortions (Stress theorem)
Nielsen and Martin, Phys. ‘Rév.~tett. 50, 697 (1983)

e |t is possible to perform:DFT calculations for, an abritrary
external load —-common to studypressure-dependence
Parrinello and Rahman, J. Appl. ,Phys. 52, 7182 (1981)
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Example: Post-perovskite MgSiO; %5 OXFORD

14 T =~ T T
Crust/ Upper mantle |~
0wl ] Transition layer
- 10 \ 1 Lower mantle
£ 8l
E3 - Core-mantle boundary.
>
2 6l
3 rl N
2 4L "1 Outer core
2 b
Ifhercore
0 L . . | h L
0 1000 2000 3000 4000 5000 6000
Radits (Km) 0 Radius
0.3 T T T T
0.2 B
€ 0.1 =
L
S or .
3 perovskite
= -0.1 |- f
<
<
0.2 |
03}
04 I I L L

80 90 100 110 120 130

perovskite post-perovskite
Pressure (GPa)

litaka et al, Nature 430, 442 (2004)
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" OXFORD

Lecture 4.1

Phonons in-DF T
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Harmonic approximation

NIVERSITY OF

From Lecture 3.1 (slide 8): Newton's equation for classical ions

3 of 15 | Lecture 4.1

dQR] (9U <—— Potential energy surface from DFT
M=t =
dt? OR;
d
No molecule “
2 75
2. S>> mathematical detail
_dzgel Y oU ou v oz ou od |
dt? 0x1 oz 0w 0wy 0d dxy |
A2z ou | _ 1ou_ou |
e == —_ | 2 0 ad
Nde? Bz e
- d? oUu oUu oUu
Myd=Mxy—(x2—21)=—| m——— | = —2—
N NG (2 (axz 83:1> ad
F. Giustino
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Harmonic approximation

My - oU
—
s S
o
I -11120
—
> 30 - 11425 =
U o5 L >
2 | aro 2
= 20 F 5
S 15 b L 11135 @
o0 —
5 10 L -11.140 T
B
c 5| 2
o L a1 G
s °F 5
2 5L (i T S R S R S auso Q
S ol 1.080 1.085 1.090 1.095 1.100 1.105 1.110 1.115 1.120 1.125
&*5 15 N—N distance (A)

00 05 10 (C15,.20 25 30
NN distance (A)

U(d) = Ut 3 K (d—do)* — g—g — K(d—do)

Harmonic approximation (Hooke's law)
4 of 15 | Lecture 4.1 F. Giustino



UNIVERSITY OF

Harmonic approximation OXFORD

5 of 15 | Lecture 4.1

Stretching frequency of No

d= —m(d— do)

2K
WN5 = M7N

DFT/LDA _experiment deviation

huny (meV) | 288.9 300.4 4%

harmonic anharmonic deviation

ho, (meV) | 288.9 304.2 5%
[Excercise 8.1 of Book]

F. Giustino
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Vibrational eigenmodes and eigenvalues

(@)} o (@] (@)}
© 0
R[(t) = RI + ll[(t)
@} @}
M[ﬁ[ = —78U
,Q 811[
@ ©

Taylor expansion of potential.energy surface for small displacements

Z 8R[a3R ’Vaujﬁ +m

[JB

U =Up+
Ia

KIOc,JB

matrix of force constants
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Vibrational eigenmodes and eigenvalues

Equation of motion in the harmonic approximation

My = — Z Kra,78 ugg
Jp
Try with us,(t) = uY_ exp(iwt) and rearrange
Z K[a7JIB u?]ﬁ = M[CL)Q u?a
JpB
Get rid of masses

TVt = AT o

DIa,JB e la
dynamical matrix mass-scaled eigenmode
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Vibrational eigenmodes and eigenvalues

Dynamical matrix

1 02U
Dio g = 3R
VMM; OR1OR 8|5,

D ele“w? e

3M x 3M
(M atoms)

Standard matrix eigenvalue problem
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Calculations of vibrational frequencies

Frozen-phonon method

U URY, +u) — 2Up + U, ~u)
oR?, u?

or alternatively using the forces

02U FIQ(R?Q +u) — Fra (R?a —u)
BR%Q 3 2u

L {Eltm&tlonal perturbation theory (DFPT)

The method of choice for crystals
[Baroni et al, Rev. Mod. Phys. 73, 515 (2001)]

9 of 15 | Lecture 4.1 F. Giustino



UNIVERSITY OF

Calculations of vibrational frequencies

Example: water molecule

82 82 -0 —164 —164 —176 —164 —164 176
82 -0 -—164 —164 —176 —164: =164 176

103 —136 —136 —206 .+ <136 136 —206

710 711 '625° —55 _ —55 —81

WD = 710 625 .—55—55  —81 . 100 me V2
791 81 81 31
710 711 4625

710 —625

791

rigid-body translations

i rigid-body librations
O-eigenvalues e o
rigid-body spinning

W = N W

internal vibrations
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Calculations of vibrational frequencies

>\ UNIVERSITY OF

Example: water molecule

bending symmetric asymmetric
stretching stretching
DFT frequency (meV) 189 453 466
Expt. frequency (meV) 198 458 473
deviation 4.8% 1.1% 1.5%
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Vibrations in crystals

Simplest model: 1D chain of atoms moving along 1 direction

Ry Ry Rs Ry Rs Re¢ Ry Rg

C b Gug bug by B L L]

M= — Z Krpuy
7
Pp %

Sound: waves ! — p(z,t)
2 92 9z PR = Po

i(qr—wt)

By analogy we can try wuy(t) = ug eilafti—wt)
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Vibrations in crystals

2 igR iqR
M w” e = E Krye'dts
J

1 ; _
2 z : iq(Ry—Ry)
w = — E K[Je

In crystals the force constants are translationally invariant, ie K75 = Kryn,j+N

TPt
==Y Kose""
M

The eigenfrequencies are obtained as_the Fourier transform of the force constants

Dynamical matrix for 2D /3D crystals

Dia,ip(q) = \/72 IR Ko myg

R reciprocal lattice vector
71 position of atom [ in the primitive unit cell
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Phonon dispersion relations XFORD

Example: diamond

180
160 ‘%
140 | ¥
120 oS
100 | . .
80 | i
60 | =

hw (meV)

40 4
20 H -

X A r AL

—
™

— DFT/LDA calculation
o Inelastic neutron scattering
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Phonon density of states

Example: a-SiOq

DOS (modes/atom/meV)

L 1 L 1
0 20 40 60 80 100 120 140 160

0.00 E& 1 1 1 1

hw (meV)

o Inelastic neutron scattering
— DFT/LDA calculation
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Hiﬂg OXFORD

Lecture 4.2

IR spectra & dielectric constants
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Infrared absorption spectrum

UNIVERSITY OF

OXFORD

Absorption|coefficient (105 cm-1)

1.0

0.5

0.0

3 of 13 | Lecture 4.2

CH3NH3Pbls

Excitonic
absorption

Lattice Band-to-band
absorption absorption
I | I
500 1000 1500 2000 2500

Energy (meV)

Experiment by R. Milot & M. Johnston
Perez et al, J. Phys. Chem. C 119, 25703 (2015)

F. Giustino



Dielectric function

General structure of the frequency-dependent dielectric function

€oo — 1 €0 — €0
elw)=1+ +
W = T e T T Wl

60

40
S €0
2
2
S 20}
Z
R €00
o o —
(o)
o
a

20

Wph
40 -
0 500 1000 1500 2000

Energy (meV)
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Simplified model

NIVERSITY OF

Classical point charge
attached to spring

Equation of motion
Set

We obtain

W /o electric field

Difference

Induced displacement

5 of 13 | Lecture 4.2

C :_)E:Eoeth

i Ze
M

N7

Mi(t) = —Cu(ty+ Ze E(t)
u(t) = ug et

—Mw?ug = —Cug+ Ze Ey
—Mwiug = —Cug

M(OJ(Q) — wg)U(] =Ze E()
e Z

u = ——5—-=FE
M w3 — w?

F. Giustino



Simplified model

NIVERSITY OF

Classical point charge
attached to spring
Induced displacement

Macroscopic-polarization

1 oscillator per unit cell of volume 2

Dielectric function

Born charge

6 of 13 | Lecture 4.2

C :_)E:Eoeiwt

N7

1 - 1
P(t) = —Zeu(t) = Pye™ — Py = —Zeug

) Q
Py + Py = eper(w) Ep, Py = ege™ Ep
W=—eop L _Z
friw) =€ 4reg Q@ M wi — w?
Q0P 10F
7= % g 1or
e OJug e OF

F. Giustino



Simplified model

NIVERSITY OF

Classical point charge
attached to spring

Dielectric function

Static dielectric constant

IR intensity
[see Sec. 10.2.1 of Book]
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C :_)E:Eoeiwt

e 4dm- 1\ 72
_ o AR
fw)=e 4reg 0 M wi — w?
oo e2 an 1 7?
€ =¢€ —_———
0 4meg Q@ M w3
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DFT calculations

UNIVERSITY OF

Low-frequency dielectric constant tensor (q — 0)

2 =
o) ¢ 4r 1 n
€105(w) “lap dmeg WMy Y w?

high-frequency

c . honon frequencies
dielectric constant P q

atq =10
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DFT calculations

Low-frequency dielectric constant tensor (q — 0)

ez 47 1 Yo en

€1,a8(w) = €105 + Ineg @00 5 7,2
n

l

Mode effective charge vector

l

Born effective charge tensor Zj .5 =

Q 0P,

e ORys

Phonon eigenmodes at g = 0
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DFT calculations
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Example: Dielectric constant of CH3NH3Pblg

2 a0r
A
D 20}
c
=
e 101 ¥ 8
5 o
E 1 \\I\i\\' L1 VI\I‘ 1 \I\I\l
a 1 10 100 1000
Energy (meV)
DFT/LDA Experiment deviation
€x 5.9 6.5 10%
€ 25.3 30.5 20%

Perez et al, J. Phys. Chem. C 119, 25703 (2015)
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DFT calculations XFORD

Example: IR absorption of CH3NH3Pbls

0.5 B

Experiment (10 K)

Absorbance (au)

DFT/LDA

.0

AWNP= G W N | S GO GNP Y. | S
0 250 500 750 1000 1250 1500 1750 2000 2250 2500 2750 3000 3250
Frequency (cm")

Perez et al, J. Phys. Chem. C 119, 25703 (2015)
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Born effective charges

UNIVERSITY OF

Q 0P, Change of electronic polarization upon
e ORpp atomic displacement

*

I,aB
laFla Change of force on’atom induced by
e 0Eg macroscopicrelectric field

Most.-convenient for DFT calculations

MAPbl; (MA=CH3;NH3)

Nominal: charge Born charge tensor Isotropic Born charge
452 —-0.14 -0.77
Pb +2 —-0.19 4.42 0.60 +4.42
0.66 —0.27 431
—0.58 0.00 0.08
-1 0.01 —4.15 0.01 —1.88
0.16 0.01 —-0.92
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Polarization in extended systems

® A uniform electric field yields a potential which is unbounded in infinite crystals
V(z) = eEx — oo when z — oo

® Replace the position operator x by the Berry-phase formula
R.D. King-Smith and D. Vanderbilt, Phys. Rev. B (R) 47, 1651 (1993)

Simplified model
Plr) = 312 & dla—z0 — na)

1 i 1 5 i |

2w . 2w i27r(a;7w0)

Bl e T e T ) = € F 1+ A/L? 4iB/L7 4]

(Wle’

2£Im log<w|ei%Tz|1/J) =20 mod L + O(1/L?)
T
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Lecture 5.1

Band structures & optical spectra
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Band structures

UNIVERSITY OF

XFORD

From Lecture 2.2

Example: graphene direct lattice

reciprocal lattice

S V00 Vi (1) () = (Eouelr)
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k-dependent
KS eigenvalue
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Band structures

NIVERSITY OF

Example: simplified tight-binding model of graphene

Energy (eV)
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Energy(eV)

15

10

\

K M T
Wavevector
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Band structures Y OXFORD

Example: DFT/LDA band structures of common semiconductors

5w Diamond Silicon
T e T 15 8
[
o | catn | e BB 6.1 i
S T 10 |- = CBB
Al Si 4
12 |uimtn | ot [t
28 | 2698 | 2809 | 3097 5 F -
30 31 2 3 2
Zn | Ga | Ge | As Py —
aso | sorp | moer | rass = B > 0
a9 T 5 Bl O ,
<3 Z s
> 5 >
0 a0 4
- —
5} — <
=i 5 6
= =
p -8
i -10
12
T L T X r L
wavevector k wavevector k
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Fermi surfaces ‘= OXFORD

4 T T T T
2f / 1 1

3 Fermi level

S

Energy (eV)
N

\

-10 s L (i L
T X W L T K 0 1 2 3 4 5

Wavevector DOS (states/eV/atom)
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Fermi surfaces

Example: DFT/LDA Fermi surface and wavefunctions of copper
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Kohn-Sham wavefunctions

Example: Highest-occupied orbital

of P3HT on ZnO

Noori & Giustino, Adv. Func. Mater. 22, 5089 (2012)
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Meaning Of band structures UNIVERSITY OF

e Are band structures real?

ARPES spectrum of diamond and DFT /LDA bands

T T

T H
H 0

:
+ :
' :

:
:

S
2
>
=
[
c
[0
o NA
£ -
© ~
.=
m
Experimpent by
Prof” T¢Yokoya
Okayama University i I i
1
wavevector (1/A) wavevector (1/A)
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Meaning of band structures

The DFT total energy (Lecture 2.1) can be rewritten as

dk
Eln] = Qifik Eik — [EH + /dr Vie(r)n(r) — Fye
— Bz
band structure term doublée’counting term

fik electfon“occupation

°
i

® |f the double-counting term vanished,
gk would give the change of energy
upon adding/removing one electron

® KS levels can be thought of as
very rough approximations to
addition/removal energies
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Band gap problem

e DFT/LDA typically underestimates the band gaps of insulators and
semiconductors

e Major challenge in materials design

22 = N e PR - .:. Ry
20 |+ e WPV e i
% 18 - H A e T - |
= 16 |-t | &) 2~
o g S
S-14 1 [ : — T3F 7T T 1 30 _
Tl el - _.Ned L) {253
© ” \ N . . : 2.0 Q
g 10 |4 LA LiF J _ RRRERERES : AP 2 s
S gl e o [ : {159
B 8 O #5,7 bt v sic® 1.8
L I X o s e e e I N 72 = T, W B
© / - :
S 4L o® .MgO o : o, CdSq 05 E
o Geeg GaAs - 003
2+ 0@ ZNS:: : i : S.N 05 2
L %N 0z CNiiq 0o o
0 \avnmNp I Y I I Y O S I T T Y N B -1.0 ©
0 2 4 6 8 1012 14 16 18 20 22 21-05005 1152 253
Experimental band gap (eV) Experimental band gap (eV)
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Dielectric function and optical spectra OXFORD

From band structure & wavefunctions we can calculate UV/Vis spectra

dk
EQ(W) = €0m29 w2 Z/ uck|pm‘uvk>l 6(5ck — Evk — hw)

Independent-particle approximation

;v

& & AN ON B ®
e S S

—
o
y

-
N

Si

SN

r
Wavevector
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For a.derivation see Chapter 10.0fthe Book

e Transitions from occupied to empty states
e Energy conservation
e Momentum conservation

e Oscillator strength given by electric dipole
matrix element (uck|2|uyk)
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Dielectric function and optical spectra XFORD

Example: Dielectric function of silicon

50
40
30
20
10
0
-10
-20

—
=
—

hw (eV) hw (eV)

® DFT/LDA in-the independent-particle approximation
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UNIVERSITY OF

Dielectric function and optical spectra OXFORD

Example: Dielectric function of silicon

50
40
30
20
10

0

-10

-20

—
=
—

hw (eV) hw (eV)

® DFT/LDA in-the independent-particle approximation
® -‘Scissor correction’ of 0.55 eV
® Excitonic peak observed at 3.2 eV missing in the calculation

® Phonon-assisted absorption below 3 eV missing in the calculation
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Dielectric function and optical spectra

UNIVERSITY OF

Example: Optical absorption coefficient of silicon
including phonon-assisted processes

—
=]
=)

107t
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0.0 1.0 2.0 3.0 4.0 5.0

Photon Energy fiw (eV)
Zacharias, Patrick & Giustino, PRL 2015
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Hiﬂg OXFORD

Lecture 5.2

DFT beyond the LDA
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PBE exchange and correlation

Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)

e Within the LDA the XC energy is approximated using the local density
“re

BEPA [ dr e e ()

e ‘Generalized_gradient’ “approximatijons (GGA) incorporate information
about the density gradient

BSON = [ e flne), Vn(r)
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PBE exchange and correlation

Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)

Atomization energies

25 T T T T T T 1T T T T

‘ELDA - Eexp'

|EPBE — Eexpl

Abs. deviation (eV) Experiment (eV)

| —
N::wmmqu_‘_:..mm":"ZONONNN,_N
fEEZBFES583588288¢43

From Table 1 of Perdew, Burke, Ernzerhof, PRL 1996
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PBE exchange and correlation OXFORD

Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)

Scholar articles  Generalized gradient approximation made simple
JP Perdew, K Burke,"M Ernzerhof - Physical review letters, 1996

Cited by 59302
9096

1999 2000 2001 2002 2003 ,2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015
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Hubbard-corrected DFT () Sy

Anisimov, Zaanen & Andersen, Phys. Rev. B 44, 943 (1991)
Cococcioni & De Gironcoli, Phys. Rev. B 71, 035105 (2005)

® 3d-transition metal and 4f rare earth

® | DA underestimates the on-site Coulomb energy between electrons

DFT+U adds Hubbard-like corrections to remedy this deficiency

Important for strongly-correlated materials
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Hubbard-corrected DFT

Anisimov, Zaanen & Andersen, Phys. Rev. B 44, 943 (1991)
Cococcioni & De Gironcoli, Phys. Rev. B 71, 035105 (2005)

FeO (AF-II phase) GGA LDA+U
P - e i R L
AN sS =T
E O ¢ f?g = igsg <‘_Q_C
4 -5 %ZX S~
] ,,4\ /_\_““_\
10 L K T T XT L K T T X

Figure from: Cococcioni & De Gironcoli, PRB 2005

® Computationally efficient
® Hubbard U often used as an adjustable parameter

® Results can be very sensitive to U
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Hybrid functionals ‘ XFORD

PBEOQ: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)
HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

® |mprove upon semilocal GGA by including fully:non-local Fock exchange
[see Lecture 1.2, slide 14]

o7 ()¢5 (r2)di (r2) s (x)

[r1 —ro|

Eff==>" [dridrg

j€occ

® PBEO prescription

3 1
EECBEO K ZEEBE + ZEE + EE’BE

® Requires.the evaluation of the non-local Fock exchange potential — Very expensive

6;(r) (')

v —r'|

Vx(r,r’) = — Z

jEocc
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Hybrid functionals %’ OXFORD

PBEOQ: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)
HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

® HSE prescription: separate short-range and long-range coulomb interactions

EECSE — ZEEBE,sr + iEg‘ysr- 4 EfBE,lr + EEBE

® The separation is carried our by -breaking the Coulomb potential in two parts

1 fi orf (K
1 erfe(sr) +er (k)

s s T
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Hybrid functionals OXFORD

PBEOQ: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)
HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

® Band gaps

Typically PBE underestimates band gaps while Hartree-Fock overestimates.

Mixing PBE and HF yields values closerto experiment

® Exchange fraction
Widespread practicerof . using the mixing fraction as an adjustable empirical
parameter

® Correlation
The correlation energy is still described at the PBE level. This misses
van der Waals corrections (slide 13) and dynamical effects (slide 14)
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van der Waals interaction

Example: Two H atoms far away from each other

e Electronic ground-state wavefunction for non-interacting atoms

To(r1,r2) =1, (F1) o1, (r2)

e Electron density

o This is (roughly) what we would obtain within DFT/LDA
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van der Waals interaction

Example: Two H atoms far away from each other

e We can obtain a lower-energy wavefunction by, using
[Exercise 4.5 of Book]

a/47r60

U(ry,ry) =¥ (r1512) + b5y, (r1) B3, (r2)

« = atomic-polarizability

e The ground-state electron’density is polarized
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van der Waals interaction OXFORD

Example: Two H atoms far away from each other

® The density redistribution leads to an additional attractive potential
energy between the nuclei, the van der Waalscinteraction

C
U= 7
® Not included.in standard DET-

® |mportant for graphitic materials, bielogical systems, molecular crystals

Andeérsson, Langreth & Lundqvist, Phys. Rev. Lett. 76, 102 (1996)

Dion, Rydberg, Schroder, Langreth & Lundqvist, Phys. Rev. Lett. 92, 246401 (2004)
Grimme, J. Comp. Chem. 27, 1787 (2006)

Tkatchenko & Scheffler, Phys. Rev. Lett. 102, 073005 (2009)
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Many-body perturbation theory XFORD

The GW method Hedin & Lundqvist, Solid State Physics 23, 1 (1969)
Hybertsen & Louie, Phys Rev B 34, 5390 (1986)

KS —%V%i(r) + [Va(r) + Va(r)] é:(r) <75¢(r) = €ihi(r)

GW _%szbi(r) + [Va(4 Vi (r)] 6i(r) 4 / dr'S(r, v’ 1) |4 (r) = €idhi(x)

YX=GW

o Based oniquantum-field theory T

e Mostly used to correct KS eigenvalues Screened Coulomb interaction

e Scales as N* (N number of atoms) Electron G 's functi
ectron Green's function
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Many-body perturbation theory OXFORD

The GW method Hedin & Lundqvist, Solid State Physics 23, 1 (1969)
Hybertsen & Louie, Phys Rev B 34, 5390 (1986)

d DFT/LDA T T T T T T T T T T T T
o GW 22 ks A . 4 ammed] . Z
3 T T T T T 1T . 20 - el © Y ; A9
S 25 b il AIRA y 18 PR 9k PRy A _
(Y &
E 2 b 2 k S '1 N \\ E 16 . 3 KAt \i) . . N
© — 4 o
_; 15 it e gp A SIC R e 14 7\ = i
o B
_g 1+ = ~ s % 12 b+ \ < 3 J : -
- AN 3 : :
o 05 A e CdS—+ 5.0 - . Ne -
k] ' 8\ LiF
§ 0 S GaAs 0OS g \\8 - BN 4 Ar : .
§ 05 : SeN= Lo % 6 [ieig ngo [ ]
1 DAY R A T T | o 4\_ GaN ‘ |
N (] :
-1-05 0 05115 2 25 3 . 2 L *ZnS i
Experimental band gap (eV) N :NiO : ;
‘Q"l’iniO A T T S S S B B

0 2 4 6 8 10 12 14 16 18 20 22
Experimental band gap (eV)
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Many-body perturbation theory

Bethe_SaIpeter approach G. Strinati, Phys. Rev. B 29, 5718 (1984)
Onida, Reining & Rubio, Rev. Mod. Phys. 74, 601 (2002)

Rohlfing & Louie, Phys. Rev.-Lett. 81. 2312 (1998)

® Excited states described as coherent superposition of electron-hole excitations

1S) = Z Acsvk&lkl;ik+Q|0>
cvk

® Bethe-Salpeter equation'(BSE)

(eextq — Evi) Aguc Y (cvk| K|k ) AZ o = Es Az

c/v'k’!

® The eigenvalues Es yield the energies of electron-hole excitations (eg excitons)

® Used in combination with the GW method
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Many-body perturbation theory

Bethe_SaIpeter approach G. Strinati, Phys. Rev. B 29, 5718 (1984)
Onida, Reining & Rubio, Rev. Mod. Phys. 74, 601 (2002)
Example: Optical absorption of LiF Rohlfing & Louie, Phys. Rev.-Lett. 81. 2312 (1998)

eee Experiment
——— Standard DFT
—— Bethe-Salpeter

10 15 20 25
Energy [eV]

From: Rohlfing & Louie, Phys. Rev. Lett. 81. 2312 (1998)
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