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Lecture 1.1

Ab initio materials modelling
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Oxford
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About me

4 of 17 | Lecture 1.1 F. Giustino

Politecnico

CERN
EPFL

Berkeley

Oxford
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Organization of the course

Monday 25 – Friday 29

9:30−10:15 Theory Lecture 1 45 min

10:15−10:45 Coffee Break 30 min

10:45−11:30 Theory Lecture 2 45 min

11:30−13:30 Lunch Break 2 h

13:30−14:15 Practical Lecture 45 min

14:15−14:30 Short Break 15 min

14:30−16:30 Hands-on Session 2 h

18:00−19:30 Dinner 1 h

19:30−21:30 Team Problem Solving Workshops 2 h
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Handouts and Tutorial Sheets
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Handouts Tutorial Sheets
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Textbooks
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MSc and 1st year PhD level

Advanced PhD level Theoretical foundations
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Impact of DFT
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Interview by R. Van Norden
Nature 514, 550 (2014)
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Impact of DFT
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HK 1964 Hohenberg, Kohn, Phys. Rev. 136, B864 (1964)

KS 1965 Kohn, Sham, Phys. Rev. 140, A1133 (1965)

CA 1980 Ceperley, Alder, Phys. Rev. Lett. 45, 566 (1980)

PZ 1981 Perdew, Zunger, Phys. Rev. B 23, 5048 (1981)

PBE 1996 Perdew, Burke, Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)
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Examples of DFT calculations
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Structure of nanodiamonds

Raty, Galli, Bostedt, van Buuren, Terminello, Phys. Rev. Lett 90, 037401 (2003)
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Examples of DFT calculations
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Heat capacity of superconducting MgB2

Choi, Roundy, Sun, Cohen, Louie, Nature 418, 758 (2002)
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Examples of DFT calculations
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Melting temperature of ε-Fe at the core-mantle boundary

Alfe, Gillan, Price, Nature 401, 462 (1999)

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Examples of DFT calculations
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Brittle fracture in silicon

Kermode et al, Nature 455, 1224 (2008)
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Examples of DFT calculations
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Rational design of halide perovskites

Filip, Giustino, J. Phys. Chem. C, 120, 166 (2016)

Volonakis, Filip, Haghighirad, Sakai, Wenger, Snaith, Giustino, JPC Lett. 7, 1254 (2016)
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Examples of DFT calculations
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Rational design of halide perovskites

Filip, Giustino, J. Phys. Chem. C, 120, 166 (2016)

Volonakis, Filip, Haghighirad, Sakai, Wenger, Snaith, Giustino, JPC Lett. 7, 1254 (2016)
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Timeline of DFT methods

1964 Hohenberg–Kohn theorem and Kohn–Sham formulation

1972 Relativistic extension of density functional theory

1980 Local density approximation for exchange and correlation

1984 Time-dependent density functional theory

1985 First-principles molecular dynamics

1986 Quasiparticle corrections for insulators

1987 Density functional perturbation theory

1988 Towards quantum chemistry accuracy

1991 Hubbard-corrected density functional theory

1996 The generalized gradient approximation

Exponential rate of progress in the past two decades...
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What is DFT so popular?

• Transferability
We can use the same code/methods for very different materials

• Simplicity
The Kohn-Sham equations are the closest thing to the usual Schrödinger
equation that we can think of

• Reliability
Often we can predict materials properties with high accuracy, sometimes
even before the actual experiment

• Software sharing
The development of DFT has become a global enterprise, eg open source
and collaborative software development

• Reasonable starting point
Often the shortcomings of DFT can be cured by using more sophsticated
approaches, which still use DFT as their starting point
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Lecture 1.2

Many-body problem
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Many-body Schrödinger equation

Materials = Electrons + Nuclei

• Schrödinger equation for the H atom
(nucleus at r = 0)

− ~2

2me
∇2ψ(r)− e2

4πε0

1

|r|
ψ(r) = Etotψ(r)

• wavefunctions of H
[from Wikipedia]
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Many-body Schrödinger equation

• Many-body wavefunction (to fix ideas: only 3 electrons)

ψ(r)→ Ψ = Ψ(r1, r2, r3)

• Probability of finding electron #1 at the point r

prob(r1=r) =

∫
|Ψ(r, r2, r3)|2 dr2dr3

• Electron density at the point r

n(r) = prob(r1=r) + prob(r2=r) + prob(r3=r)

• Electrons are indistinguishable

n(r) = 3

∫
|Ψ(r, r2, r3)|2 dr2dr3
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Many-body Schrödinger equation

( kinetic energy + potential energy ) Ψ = EtotΨ

• kinetic energy, electrons and nuclei

−
N∑
i=1

~2

2me
∇2

i −
M∑
I=1

~2

2MI
∇2

I

• potential energy, electron-electron repulsion

1

2

∑
i 6=j

e2

4πε0

1

|ri − rj |

• potential energy, nucleus-nucleus repulsion

1

2

∑
I 6=J

e2

4πε0

ZIZJ

|RI −RJ |

• potential energy, electron-nucleus attraction

−
∑
i,I

e2

4πε0

ZI

|ri −RI |
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Many-body Schrödinger equation

−∑
i

~2

2me
∇2

i −
∑
I

~2

2MI
∇2

I +
1

2

∑
i 6=j

e2

4πε0

1

|ri − rj |

+
1

2

∑
I 6=J

e2

4πε0

ZIZJ

|RI −RJ |
−
∑
i,I

e2

4πε0

ZI

|ri −RI |

Ψ = EtotΨ

Hartree atomic units

• masses in units of me (electron mass)

• lengths in units of a0 (Bohr radius)

• energies in units of e2/4πε0a0 (Hartree)−∑
i

1

2
∇2

i −
∑
I

1

2MI
∇2

I +
1

2

∑
i 6=j

1

|ri − rj |

+
1

2

∑
I 6=J

ZIZJ

|RI −RJ |
−
∑
i,I

ZI

|ri −RI |

Ψ = EtotΨ
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Many-body Schrödinger equation
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MBSE MBSE in Hartree units
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Exponential wall

Storage requirements for the many-body wavefunction of a unit cell of
silicon (diamond structure)

• ∆x ∼ 0.1 Å

• a = 5.43 Å

• Np = (a3/4)/(∆x)3 ∼ 40, 000

• 8 valence electrons per unit cell

• Ψ = 40, 0008 complex numbers
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1026 Terabytes
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Clamped nuclei approximation

Set nuclear masses MI =∞:−∑
i

1

2
∇2

i −
�
���

��∑
I

1

2MI
∇2

I +
1

2

∑
i 6=j

1

|ri − rj |

+
���������1

2

∑
I 6=J

ZIZJ

|RI −RJ |
−
∑
i,I

ZI

|ri −RI |

Ψ = EtotΨ
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−∑
i

∇2
i

2
+
∑
i

Vn(ri) +
1

2

∑
i 6=j

1

|ri − rj |

Ψ = EΨ

Electronic structure theory in a nutshell
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Independent electrons approximation

• Independent particle Hamiltonian

Ĥ0(r) = −1

2
∇2 + Vn(r)

• Independent particles + Coulomb∑
i

Ĥ0(ri)Ψ(r1, . . . rN )+

��
���

��1

2

∑
i6=j

1

|ri − rj |
Ψ(r1, . . . rN ) = E Ψ(r1, . . . rN )

• If we neglect this electron-electron Coulomb repulsion, then electrons will
not ‘feel’ each other → probability of independent events

Ψ(r1, r2, · · · , rN ) = φ1(r1) · · ·φN (rN )

Ĥ0(r)φi(r) = εiφi(r)∑
i

Ĥ0(ri)Ψ(r1, . . . rN ) = E Ψ(r1, . . . rN )
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E = ε1 + · · ·+ εN (1)
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Example: Ground state of He

• Idependent particle equation (Z = 2)

−1

2
∇2φ(r)− 2

|r|
φ(r) = εφ(r)

• Lowest-energy solution

φ1s(r) =
23/2√
π

exp (−2|r|) with E1s = − 22

2

• Ground-state many-body wavefunction in the independent-electrons
approximation

Ψ(r1, r2) = φ1s(r1)φ1s(r2) =
8

π
exp [−2(|r1|+ |r2|)]

• Ground-state energy in the independent-electrons approximation

E = 2E1s = −4 Ha = −108.8 eV
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Exclusion principle

• Let us calculate the electron density for 2 electrons in the
independent-electron approximation

n(r) = 2

∫
|Ψ(r, r2)|2 dr2 = 2

∫
|φ1(r)|2|φ2(r2)|2 dr2 = 2 |φ1(r)|2

• Admissible wavefunctions must be antisymmetric w.r.t. exchange of
space/spin variables. ‘Slater determinant’ for a spin-compensated system

Ψ(r1, r2) =
1√
2

[φ1(r1)φ2(r2)− φ1(r2)φ2(r1)]

• Let us try the density again

n(r) = 2

∫
|Ψ(r, r2)|2 dr2 =

12 of 17 | Lecture 1.2 F. Giustino

|φ1(r)|2 + |φ2(r)|2 (2)

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Mean-field approximation

• The electron density can be used to determine the electrostatic field
generated by the electrons[

−1

2
∇2 + Vn(r)

]
φi(r) = εiφi(r)

n(r) =
∑
i

|φi(r)|2

VH(r) =

∫
dr′

n(r′)

|r− r′|[
−1

2
∇2 + Vn(r)+VH(r)

]
φ′i(r) = ε′iφ

′
i(r)

• This is Hartree’s self-consistent field approximation (1928)

Advantages No need for the many-body wavefunction
Shortcomings Requires iterative solution
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Exchange energy

• The Hartree approximation does not incorporate the constraint on the
antisymmetry of the many-body wavefunction, Ψ(r2, r1) = −Ψ(r,r2)

• Incorporating this constraint in the mean-field equation leads to a new
potential energy contribution, the Fock exchange
[Sec. 2.8 and App. A of book][

−∇
2

2
+ Vn(r) + VH(r)

]
φi(r)+

∫
dr′ VX(r, r′)φi(r

′) = εi φi(r)

VX(r, r′) = −
∑
j∈occ

φ∗j (r′)φj(r)

|r− r′|

• The Fock potential ‘enforces’ Pauli’s principle by making sure that

◦ same-spin electrons repel each other
◦ opposite-spin electrons attract each other

• The Fock potential is non-local
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Correlation energy

• So far we assumed that electrons are independent, that is uncorrelated

prob(r1, r2) = prob(r1)× prob(r2)

• This is not true since electrons do repel each other, therefore the ‘true’
wavefunction cannot be expressed as a Slater determinant

Ψtrue(r1, r2) 6= 1√
2

[φ1(r1)φ2(r2)− φ1(r2)φ2(r1)]

• Since the Slater determinant is really useful for practical calculations, we
keep using it, but we pay the price of adding yet another potential[

−1

2
∇2 + Vn + VH + VX + Vc

]
φi = εi φi
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Example: Ground state of He

Kinetic energy + electron-nucleus interaction −3.89 Ha −105.8 eV

Hartree energy +2.05 Ha +55.8 eV

Fock exchange energy −1.02 Ha −27.8 eV

Correlation energy −0.04 Ha −1.1 eV

Total energy −2.90 Ha −78.9 eV
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Kohn-Sham equations

[
−1
2
∇2 + Vn + VH + Vxc

]
φi = εi φi
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Exchange and Correlation
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Lecture 2.1

Density-functional theory
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Functionals

Density Functional Theory = theory about the energy of electrons

being a functional of their density
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Function

number number

Functional

function number

g(x) = 3x2 g(x) = 3x2

g(2) = 12 F [g] =
∫ 2

0
dx g(x) = 8

x x
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Functionals

The total energy is a functional of the wavefunction

Ĥ Ψ = EΨ −→ E =

∫
dr1 . . . drN Ψ∗(r1, . . . , rN ) Ĥ Ψ(r1, . . . , rN )

So for a generic quantum state we have

Ψ(r1, . . . , rN ) −−→ E E = E[Ψ(r1, . . . , rN )]

Hohenberg and Kohn (1964) discovered that, if we are talking about
the lowest-energy state, we also have

n(r) −−−→ E E = E[n(r)]

The total energy is a functional of the density
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Hohenberg-Kohn theorem

In Lecture 1.2 we had:

In order to prove the HK theorem we rewrite the energy more compactly

E =

∫
drn(r)Vn(r) + 〈Ψ|Û |Ψ〉, Û = −

∑
i

∇2
i

2
+

1

2

∑
i 6=j

1

|ri − rj |

Now we want to show the following

Theorem

In the ground-state, the electron density n(r) uniquely determines the
external potential Vn(r)
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−∑
i

∇2
i

2
+

∑
i

Vn(ri) +
1

2

∑
i 6=j

1

|ri − rj |

Ψ = E Ψ

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Hohenberg-Kohn theorem

• Assume there are two potentials V1 and V2 for the same density
[For clarity we temporarily suppress the subscript ‘n’ in Vn]

• By solving the MBSE for each potential we find the lowest-energy states
E1, Ψ1 and E2, Ψ2, respectively

• Since Ψ1 is the ground state of V1 we have∫
nV1 + 〈Ψ1|Û |Ψ1〉 = E1

• Since Ψ1 is not the ground state of V2 we have∫
nV2 + 〈Ψ1|Û |Ψ1〉 > E2

• The difference gives ∫
n(V1 − V2) > E1 − E2

• By repeating the same argument starting from Ψ2 we have∫
n(V2 − V1) > E2 − E1

• The sum of the last two equations yields the contradiction 0 > 0
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Hohenberg-Kohn theorem
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n(r)

Vn(r)

Ψ(r1, · · · , rN )

E

HK theorem

In the ground-state the electron
density n(r) uniquely determines
the total energy E

HK variational principle

Any n′(r) 6= n(r) yields V ′ 6= V
and Ψ′ 6= Ψ, therefore E′ > E.

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



The energy functional

The HK theorem states that, in the ground state, the total energy of many
electrons is a functional of their density, E = E[n(r)].

But what is the form of this functional?
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The energy functional is unknown

The scream by E. Munch (1910)
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The energy functional

E[n] =

∫
drn(r)Vn(r)︸ ︷︷ ︸

External potential

+
1

2

∫
dr dr′

n(r)n(r′)

|r− r′|︸ ︷︷ ︸
Hartree energy

+ Everything Else

Kohn and Sham (1965) proposed to
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(1) express the electron density
as if we had a system of independent electrons

n(r) =
∑
i∈occ

|φi(r)|2

(2) isolate the kinetic energy of these independent electrons from the
‘Everything Else’ above

Everything Else = −
∑
i

∫
drφ∗i (r)

∇2

2
φi(r) +

�� ��Unknown Terms

Exchange and Correlation

Exc
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Kohn-Sham equations

Total energy

E[n] =

∫
drn(r)Vn(r)+

1

2

∫
drdr′

n(r)n(r′)

|r− r′|
−
∑
i

∫
drφ∗i (r)

∇2

2
φi(r)+Exc[n]

We find the lowest energy state by looking for stationary points of E[n]
[the derivation can be found in Appendix B of the book]

δE

δn
= 0

〈φi|φj〉 = δij

This leads to the Kohn-Sham equations[
−1

2
∇2 + Vn(r) + VH(r) + Vxc(r)

]
φi(r) = εiφi(r)

10 of 13 | Lecture 2.1 F. Giustino

Vxc =
δExc

δn
Exchange and Correlation Potential
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LDA – Local Density Approximation

Homogeneous electron gas
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n(r) = constant

EHEG
x = −3

4

( 3

π

) 1
3

n
4
3V

ELDA
x =

∫
V

EHEG
x [n(r)]

V
dr = −3

4

( 3

π

) 1
3

∫
V

n
4
3 (r)dr

V LDA
x =

δELDA
x

δn
= −

( 3

π

) 1
3

n
1
3 (r)
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SCF – Self-consistent field calculations
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Successes and failures
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford

25–29 July 2016

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Lecture 2.2

Planewaves and pseudopotentials
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Born-von Kármán boundary conditions

DFT calculations require the numerical solution of the KS equations

−1

2
∇2φi(r) + Vtot(r)φi(r) = εiφi(r)

2nd order PDE −−→ for every y and z we need 2 boundary conditions on x

• Localized system
atom | molecule | nanocrystal
φi(x, y, z) = 0 for x = −∞, φi(x, y, z) = 0 for x = +∞

• Extended system
solid | liquid
φi(x+ a, y, z) = φi(x, y, z), ∇φi(x+ a, y, z) = ∇φi(x, y, z)
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Periodic (BvK) boundary conditions
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Born-von Kármán boundary conditions

DFT calculations for solids, liquids, interfaces, and nanostructures
are performed using BvK boundary conditions

amorphous SiO2 H2O molecule
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a

a

a

a

a
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Planewaves

A convenient way of handling the KS wavefunctions is by expanding them
in a basis of planewaves −−−−−→ standard Fourier transform
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x in units of a

Re ei2πx/a

Im ei2πx/a

1D case φ(x) =

+∞∑
n=−∞

cn ei2πnx/a

BvK conditions built in

φ(x+ a) = φ(x)

∇φ(x+ a) = ∇φ(x)
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Planewaves

In 2D and 3D we replace 2π/a by the primitive vectors of the reciprocal lattice, eg

b1 = 2π
a2 × a3

a1 · a2 × a3

Reciprocal lattice vectors

G = m1b1 +m2b2 +m3b3, with m1,m2,m3 integers

6 of 12 | Lecture 2.2 F. Giustino

Example: graphene

direct lattice reciprocal lattice

Planewave in 2D or 3D exp(iG ·r)
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Planewaves

Kohn-Sham wavefunction in a basis of planewaves

φi(r) =
∑

G
ci(G) exp(iG · r)

By replacing in the KS equations we obtain

|G|2

2
ci(G) +

∑
G′
Vtot(G−G′)ci(G′) = εi ci(G)

How many planewave G-vectors should we include in the expansion?
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|G| = 2π/a

|G| = 2 · 2π/a

|G| = 3 · 2π/a

Ecut =
|Gmax|2

2

planewaves kinetic energy cutoff
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Pseudopotentials

Atomic levels of silicon (DFT/LDA)
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Energy (eV)
Only valence electrons

are important for

bonding and structure
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Pseudopotentials

Atomic wavefunctions of silicon (DFT/LDA)

ψnl(r) =
unl(r)

r
Ylm

(r
r

)
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Pseudopotentials
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Contain planewaves cutoff by removing nodes −−−−→ pseudization
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Pseudopotentials
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Reverse-engineer the pseudo-potential potential which gives the
pseudo-wavefunction as solution of the atomic Schrödinger equation

−1

2

d2

dr2
uPS3s + V PS

3s uPS3s = E3s u
PS
3s −−−−→ V PS

3s = E3s +
1

2uPS3s

d2uPS3s
dr2
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Brillouin zone sampling

In crystalline solids we label electronic states by their Bloch wavevector k
[see books by Kittel or Ashcroft & Mermin]

Bloch theorem φik(r) = eik·ruik(r) with uik(r + R) = uik(r)

n(r) =
∑
i∈occ

|φi(r)|2 −−−→
∑
i∈occ

∫
BZ

dk

ΩBZ
|uik(r)|2 ' 1

Nk

∑
k∈BZ

∑
i∈occ

|uik(r)|2

12 of 12 | Lecture 2.2 F. Giustino

Brillouin zone of fcc crystal (eg silicon)

DFT codes use a uniform discretization of this

volume, and reduce the number of k-vectors

using the crystal symmetry operations
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford
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Lecture 3.1

Equilibrium structures
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Equilibrium structures

In order to find the equilibrium structures of materials

1) We determine the potential energy surface of the ions

2) We look for the minima of this surface −−→ zero net forces on the ions
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Ionic coordinate

P
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Born-Oppenheimer approximation

Clamped nuclei approximation

Back to the complete many-body Schrödinger equation for electrons & nuclei−∑
i

∇2
i

2
−
∑
I

∇2
I

2MI
−
∑
i,I

ZI

|ri −RI |
+

1

2

∑
i 6=j

1

|ri − rj |
+

1

2

∑
I 6=J

ZIZJ

|RI −RJ |

Ψ = EtotΨ

Here Ψ = Ψ(r1, . . . , rN ,R1, . . . ,RM )

4 of 15 | Lecture 3.1 F. Giustino

Example: the wavefunction of an electron
vs the wavefunction of the Pb nucleus

−
1

2M

d2ψ(x)

dx2
+ Cx2ψ(x) = Eψ(x)
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Born-Oppenheimer approximation

Born and Oppenheimer (1927) proposed the following approximation

• Factorize the electron-nuclear wavefunction

Ψ(r1, . . . , rN ,R1, . . . ,RM ) ' ΨR(r1, . . . , rN )χ(R1, . . . ,RM )

• Find the electronic part as the ground state of Schrödinger equation with the
nuclei clamped at R1, . . . ,RM−∑

i

∇2
i

2
+

∑
i

Vn(ri;R) +
1

2

∑
i 6=j

1

|ri − rj |

ΨR = E(R1, . . . ,RM ) ΨR

• Replace the result in the complete MBSE of the previous slide−∑
I

∇2
I

2MI
+

1

2

∑
I 6=J

ZIZJ

|RI −RJ |
+ E(R1, . . . ,RM )

χ = Etot χ

Schrödinger equation for nuclei

5 of 15 | Lecture 3.1 F. Giustino

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Potential energy surface

−
∑
I

∇2
I

2MI︸ ︷︷ ︸
Kinetic Energy

χ+

1

2

∑
I 6=J

ZIZJ

|RI −RJ |
+ E(R1, . . . ,RM )


︸ ︷︷ ︸

Potential Energy

χ = Etot χ

Potential energy surface

U(R1, . . . ,RM ) =
1

2

∑
I 6=J

ZIZJ

|RI −RJ |
+E(R1, . . . ,RM )
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Coulomb repulsion
between positive nuclei

Glue resulting from the
negative charge of the electrons

(we get this from DFT)
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Potential energy surface
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H-H distance d (Å)

E
n

er
g

y
(e

V
)

E
n

er
g

y
(e

V
)

Coulomb repulsion

Electronic glue

Potential energy
‘surface’

H+
2 molecular ion

Example from Exercise 4.4 of the book
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Classical nuclei
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From slide #4

−
∑
I

∇2
I

2MI
+ U(R1, . . . ,RM )

classical nuclei−−−−−−−−−−→
∑
I

P2
I

2MI
+ U(R1, . . . ,RM )

MI
d2RI

dt2
= FI = − ∂U

∂RI

Newton’s equation for nuclei
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Structural optimization
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Finding the minima of the PES using damped molecular dynamics

M
d2x

dt2
= −∂U

∂x
−2M

τ

dx

dt︸ ︷︷ ︸
Friction term

Io
n
ic

co
or
d
in
at
e

Fictitious time

Initial guess

Equilibrium coordinate

(Verlet) M
xi+1 − 2xi + xi−1

∆t2
= −U(xi)− U(xi−1)

xi − xi−1
− 2M

τ

xi+1 − xi−1

2∆t
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Structural optimization
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Initial guess for ionic positions
R1, . . . ,RM

Calculate electron density n(r)
and total energy EDFT

Calculate forces on ions
FI = −∂U/∂RI

Update ionic positions
(eg using damped Verlet)

New positions
=

Old positions
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Examples

Simplest case of structural optimization: N2 diatomic molecule

DFT/LDA Experiment Rel. Error

bond length (Å) 1.102 1.098 0.4%
binding energy (eV) 11.46 9.76 17%

Note Nitrogen is [1s2]2s2p3, therefore it has a spin S = 3/2 after the first Hund’s
rule. These calculations are spin-unpolarized (N2 has 14 electrons), therefore the result
at large separation is higher than twice the energy of one N atom
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Examples

Structural optimization of bulk crystals: Silicon

DFT/LDA Experiment Rel. Error

lattice parameter (Å) 5.40 5.43 0.6%
cohesive energy (eV) 5.30 4.62 15%
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Examples

Structural optimization of surfaces: Clean Si(001) surface

52 Si atoms | 13 layers | 8 H atoms for passivation | 4 layers kept fixed

13 of 15 | Lecture 3.1 F. Giustino

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Examples

Structural optimization of surfaces: Clean Si(001) surface
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Examples

Comparison between calculated and measured STM images

Experimental STM image courtesy of T. Yokoyama
http://dx.doi.org/10.1103/PhysRevB.61.R5078
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford

25–29 July 2016
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Lecture 3.2

Elastic properties
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Elastic properties
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silicon (diamond structure)

brittle

bcc tungsten

ductile
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Heuristic approach
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Notion of stress and strain: a computer experiment on silicon

Equilibrium structure Stretched slab
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Heuristic approach
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σ =
Ftot

A
ε =

∆h

h
σ = Y ε

transverse size 7.635 Å
no. of surface atoms 4
force per atom 0.682 eV/Å
σ 7.5 GPa
ε 5%

Y 150 GPa
experiment 166 GPa

deviation 11%
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General theory

∆U =

∫ h+∆h

h
F (z)dz = Ah

∫ h+∆h

h

F (z)

A

dz

h
= Ω

∫ ε

0
σ dε = Ω

∫ ε

0
C ε dε =

1

2
ΩC ε2

1

Ω

∂U

∂ε
= Cε = σ

1

Ω

∂2U

∂ε2
= C
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Work-energy theorem

The work of external forces on a system
equals the increase of its total potential
and kinetic energies
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General theory

General transformation of the atomic coordinates: the strain tensor

R′
Iα =

∑
β

(δαβ + eαβ)RIβ

σαβ =
1

Ω

∂U

∂εαβ

∆U

Ω
=

1

2
εαβ εγδ
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Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



General theory

Voigt notation

εαβ =

 εxx εxy εxz
εxy εyy εyz
εxz εyz εzz

 −−→ εi =

 ε1 ε6 ε5
ε2 ε4

ε3


Engineering strain

∆U

Ω
=

1

2
Cijuiuj with ui =

{
εi if i = 1, 2, 3

2εi if i = 4, 5, 6

8 of 12 | Lecture 3.2 F. Giustino

62 = 36 constants

(21 independent)

Example: Cubic system

Cij =


C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0

0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44


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Practical calculations
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Isotropic deformation

u1 = u2 = u3 = η

u4 = u5 = u6 = 0

∆U

Ω
=

3

2
(C11 + 2C12) η2

Tetragonal deformation

u1 = u2 = −η
u3 = 2η

u4 = u5 = u6 = 0

∆U

Ω
= 3(C11 − C12) η2

Trigonal deformation

u1 = u2 = u3 = 0

u4 = u5 = 0

u6 = η

∆U

Ω
=

1

2
C44 η

2
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Practical calculations
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en.wikipedia.org/wiki/Cantilever

Elastic constants of silicon in GPa

DFT/LDA Experiment Rel. Error

C11 161 165.6 3%
C12 62 63.9 3%
C44 78 79.5 2%

en.wikipedia.org/wiki/Tungsten

Bulk modulus of tungsten in GPa

B = Ω
∂2U

∂Ω2
=

1

3
(C11 + 2C12)

DFT/LDA Experiment Rel. Error

B 328 314 4%
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Practical calculations

• The stress tensor can also be calculated in DFT
w/o considering explicit distortions (stress theorem)
Nielsen and Martin, Phys. Rev. Lett. 50, 697 (1983)

• It is possible to perform DFT calculations for an abritrary
external load → common to study pressure-dependence
Parrinello and Rahman, J. Appl. Phys. 52, 7182 (1981)

11 of 12 | Lecture 3.2 F. Giustino

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Example: Post-perovskite MgSiO3
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Iitaka et al, Nature 430, 442 (2004)
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford

25–29 July 2016
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Lecture 4.1

Phonons in DFT
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Harmonic approximation
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From Lecture 3.1 (slide 8): Newton’s equation for classical ions

MI
d2RI

dt2
= − ∂U

∂RI

Potential energy surface from DFT

N2 molecule

x1 x2

d

MN
d2x1

dt2
= − ∂U

∂x1

MN
d2x2

dt2
= − ∂U

∂x2

MN d̈ = MN
d2

dt2
(x2−x1) = −

(
∂U

∂x2
− ∂U

∂x1

)
= −2 ∂U

∂d

∂U

∂x1
=

∂U

∂x

∂x

∂x1
−
∂U

∂d

∂d

∂x1

=
1

2

∂U

∂x
−
∂U

∂d

mathematical detail
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Harmonic approximation
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MN

2
d̈ = − ∂U

∂d

P
o

te
n

ti
a

l
en

er
g

y
U

(e
V

)

P
o

te
n

ti
a

l
en

er
g

y
U

(e
V

)

N−N distance (Å)

N−N distance (Å)

U(d) = U0+
1

2
K(d−d0)2 −−−→

∂U

∂d
= K(d−d0)

Harmonic approximation (Hooke’s law)
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Harmonic approximation

Stretching frequency of N2

d̈ = − 2K

MN
(d− d0)

ωN2 =

√
2K

MN

DFT/LDA experiment deviation

~ωN2 (meV) 288.9 300.4 4%

harmonic anharmonic deviation

~ωN2 (meV) 288.9 304.2 5%

[Excercise 8.1 of Book]
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Vibrational eigenmodes and eigenvalues
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RI(t) = R0
I + uI(t)

MI üI = −
∂U

∂uI

Taylor expansion of potential energy surface for small displacements

U = U0 +
HH

HHH
HH

∑
Iα

uIα
∂U

∂RIα
+

1

2

∑
Iα,Jβ

∂2U

∂RIα∂RJβ
uIαuJβ +

HHHHO(u3)

KIα,Jβ

matrix of force constants
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Vibrational eigenmodes and eigenvalues
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Equation of motion in the harmonic approximation

MI üIα = −
∑
Jβ

KIα,Jβ uJβ

Try with uIα(t) = u0Iα exp(iωt) and rearrange∑
Jβ

KIα,Jβ u0Jβ = MIω
2 u0Iα

Get rid of masses∑
Jβ

KIα,Jβ√
MIMJ

√
MJu

0
Jβ = ω2

√
MI u

0
Iα

DIα,Jβ

dynamical matrix mass-scaled eigenmode

eJβ eIα
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Vibrational eigenmodes and eigenvalues

8 of 15 | Lecture 4.1 F. Giustino

Dynamical matrix

DIα,Jβ =
1√

MIMJ

∂2U

∂RIα∂RJβ

∣∣∣∣
Eq.

D e e= ω2

3M × 3M
(M atoms)

Standard matrix eigenvalue problem
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Calculations of vibrational frequencies

Frozen-phonon method

∂2U

∂R2
Iα

'
U(R0

Iα + u)− 2U0 + U(R0
Iα − u)

u2

or alternatively using the forces

∂2U

∂R2
Iα

' −
FIα(R

0
Iα + u)− FIα(R0

Iα − u)
2u

Density-functional perturbation theory (DFPT)

The method of choice for crystals

[Baroni et al, Rev. Mod. Phys. 73, 515 (2001)]
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Calculations of vibrational frequencies

Example: water molecule

~2D =



82 82 −0 −164 −164 −176 −164 −164 176

82 −0 −164 −164 −176 −164 −164 176

103 −136 −136 −206 136 136 −206
710 711 625 −55 −55 −81

710 625 −55 −55 −81
791 81 81 31

710 711 −625
710 −625

791


· 100meV2

9 eigenvalues


3 rigid-body translations

2 rigid-body librations

1 rigid-body spinning

3 internal vibrations
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Calculations of vibrational frequencies
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Example: water molecule

bending symmetric
stretching

asymmetric
stretching

DFT frequency (meV) 189 453 466

Expt. frequency (meV) 198 458 473

deviation 4.8% 1.1% 1.5%
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Vibrations in crystals
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Simplest model: 1D chain of atoms moving along 1 direction

R1 R2 R3 R4 R5 R6 R7 R8 · · ·

u2 u3 u4

MüI = −
∑
J

KIJ uJ

Sound waves
1

v2s

∂2p

∂t2
=

∂2p

∂x2
−−→ p(x, t) = p0 e

i(qx−ωt)

By analogy we can try uI(t) = u0 e
i(qRI−ωt)
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Vibrations in crystals

M ω2 eiqRI =
∑
J

KIJ e
iqRJ

ω2 =
1

M

∑
J

KIJ e
iq(RJ−RI )

In crystals the force constants are translationally invariant, ie KIJ = KI+N,J+N

ω2(q) =
1

M

∑
J

K0J e
iqRJ

The eigenfrequencies are obtained as the Fourier transform of the force constants

Dynamical matrix for 2D/3D crystals

DIα,Jβ(q) =
1√

MIMJ

∑
R

eiq·Reiq·(τJ−τI) K0Iα,RJβ

R reciprocal lattice vector
τI position of atom I in the primitive unit cell
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Phonon dispersion relations
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Example: diamond

en.wikipedia.org/wiki/Oppenheimer Diamond

DFT/LDA calculation
Inelastic neutron scattering
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Phonon density of states
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Example: a-SiO2

DFT/LDA calculation

Inelastic neutron scattering
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford

25–29 July 2016
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Lecture 4.2

IR spectra & dielectric constants
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Infrared absorption spectrum

3 of 13 | Lecture 4.2 F. Giustino

CH3NH3PbI3

Experiment by R. Milot & M. Johnston

Perez et al, J. Phys. Chem. C 119, 25703 (2015)

Band-to-band

absorption

Excitonic

absorption

Lattice

absorption

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Dielectric function

General structure of the frequency-dependent dielectric function

ε(ω) = 1 +
ε∞ − 1

1− (ω/ωel)2
+

ε0 − ε∞
1− (ω/ωph)2

4 of 13 | Lecture 4.2 F. Giustino

Energy (meV)

D
ie
le
ct
ri
c
fu
n
ct
io
n

Re ε(ω) Im ε(ω)

1
ε∞

ε0

ωph ωel

ε∞ − 1ε0 − ε∞Pro
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Simplified model
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Classical point charge
attached to spring

u

Ze

M

C E = E0 e
iωt

Equation of motion Mü(t) = −C u(t) + ZeE(t)

Set u(t) = u0 e
iωt

We obtain −Mω2u0 = −C u0 + ZeE0

W/o electric field −Mω2
0u0 = −C u0

Difference M(ω2
0 − ω2)u0 = ZeE0

Induced displacement u0 =
e

M

Z

ω2
0 − ω2

E0
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Simplified model

6 of 13 | Lecture 4.2 F. Giustino

Classical point charge
attached to spring

u

Ze

M

C E = E0 e
iωt

Induced displacement u0 =
e

M

Z

ω2
0 − ω2

E0

Macroscopic polarization
1 oscillator per unit cell of volume Ω P (t) =

1

Ω
Zeu(t) = P0 e

iωt → P0 =
1

Ω
Zeu0

Dielectric function P0 + Pel = ε0ε1(ω)E0, Pel = ε0ε
∞E0

ε1(ω) = ε∞ +
e2

4πε0

4π

Ω

1

M

Z2

ω2
0 − ω2

Born charge Z =
Ω

e

∂P0

∂u0
or Z =

1

e

∂F

∂E
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Simplified model

7 of 13 | Lecture 4.2 F. Giustino

Classical point charge
attached to spring

u

Ze

M

C E = E0 e
iωt

Dielectric function ε1(ω) = ε∞ +
e2

4πε0

4π

Ω

1

M

Z2

ω2
0 − ω2

Static dielectric constant ε0 = ε∞ +
e2

4πε0

4π

Ω

1

M

Z2

ω2
0

IR intensity
[see Sec. 10.2.1 of Book] I(ω) ∝ ωε2(ω) ∝ Z2δ(ω − ω0)
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DFT calculations

Low-frequency dielectric constant tensor (q→ 0)

ε1,αβ(ω) = ε1
∞
αβ +

e2

4πε0

4π

Ω

1

M0

∑
n

ZαnZβn
ω2
n − ω2

8 of 13 | Lecture 4.2 F. Giustino

high-frequency
dielectric constant

phonon frequencies
at q = 0
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DFT calculations

Low-frequency dielectric constant tensor (q→ 0)

ε1,αβ(ω) = ε1
∞
αβ +

e2

4πε0

4π

Ω

1

M0

∑
n

ZαnZβn
ω2
n − ω2
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Mode effective charge vector Zαn =
∑
Jβ

Z∗J,αβ

√
M0

MJ
eJβ,n

Born effective charge tensor Z∗J,αβ =
Ω

e

∂Pα
∂RJβ

Phonon eigenmodes at q = 0
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DFT calculations
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Example: Dielectric constant of CH3NH3PbI3

Energy (meV)

D
ie

le
ct

ri
c

fu
n

ct
io

n
ε 1

(ω
)

ε∞

ε0

DFT/LDA Experiment deviation

ε∞ 5.9 6.5 10%
ε0 25.3 30.5 20%

Perez et al, J. Phys. Chem. C 119, 25703 (2015)
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DFT calculations
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Example: IR absorption of CH3NH3PbI3

Perez et al, J. Phys. Chem. C 119, 25703 (2015)

Experiment (10 K)

DFT/LDAPro
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Born effective charges
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Z∗I,αβ =


Ω

e

∂Pα
∂RIβ

1

e

∂FIα
∂Eβ

Change of electronic polarization upon
atomic displacement

Change of force on atom induced by
macroscopic electric field

Most convenient for DFT calculations

MAPbI3 (MA=CH3NH3)

Nominal charge Born charge tensor Isotropic Born charge

4.52 −0.14 −0.77
Pb +2 −0.19 4.42 0.60 +4.42

0.66 −0.27 4.31

−0.58 0.00 0.08
I −1 0.01 −4.15 0.01 −1.88

0.16 0.01 −0.92
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Polarization in extended systems

• A uniform electric field yields a potential which is unbounded in infinite crystals
V (x) = eEx→∞ when x→∞

• Replace the position operator x by the Berry-phase formula
R.D. King-Smith and D. Vanderbilt, Phys. Rev. B (R) 47, 1651 (1993)
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Simplified model

φ(x)

x0

a

ψ(x) =
∑+∞
n=−∞ φ(x− x0 − na)

〈ψ|ei
2πx
L |ψ〉 = ei

2πx0
L 〈ψ|ei

2π(x−x0)
L |ψ〉 = ei

2πx0
L
[
1 +A/L2 + iB/L3 + · · ·

]
L

2π
Im log〈ψ|ei

2πx
L |ψ〉 = x0 mod L + O(1/L2)
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford
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Lecture 5.1

Band structures & optical spectra
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Band structures
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Example: graphene direct lattice reciprocal lattice

φik(r) = eik·ruik(r) with uik(r) periodic

From Lecture 2.2

−1

2
∇2φik(r)+Vtot(r)φik(r) = εik φik(r)

k-dependent
KS eigenvalue
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Band structures

Example: simplified tight-binding model of graphene
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Band structures

Example: DFT/LDA band structures of common semiconductors

5 of 15 | Lecture 5.1 F. Giustino

Pro
f.

Fel
ici

ano
Giu

sti
no

Uni
ver

sit
y of

Oxf
ord

Par
adi

m Sch
ool

, Cor
nel

l,
Jul

y 201
6



Fermi surfaces

Example: DFT/LDA band structure and Density of States of copper
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Fermi surfaces

Example: DFT/LDA Fermi surface and wavefunctions of copper
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Kohn-Sham wavefunctions

Example: Highest-occupied orbital

of P3HT on ZnO

Noori & Giustino, Adv. Func. Mater. 22, 5089 (2012)
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Meaning of band structures

• Are band structures real?

9 of 15 | Lecture 5.1 F. Giustino

ARPES spectrum of diamond and DFT/LDA bands

Experiment by
Prof. T. Yokoya
Okayama University
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Meaning of band structures

The DFT total energy (Lecture 2.1) can be rewritten as

E[n] =
∑
i

dk

ΩBZ
fik εik︸ ︷︷ ︸

band structure term

−
[
EH +

∫
drVxc(r)n(r)− Exc

]
︸ ︷︷ ︸

double counting term

fik electron occupation
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• If the double-counting term vanished,
εik would give the change of energy
upon adding/removing one electron

• KS levels can be thought of as
very rough approximations to
addition/removal energies
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Band gap problem

• DFT/LDA typically underestimates the band gaps of insulators and
semiconductors

• Major challenge in materials design
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Dielectric function and optical spectra

From band structure & wavefunctions we can calculate UV/Vis spectra

ε2(ω) =
π e2

ε0m2
eΩ

1

ω2

∑
cv

∫
dk

ΩBZ
|〈uck|px|uvk〉|2δ(εck − εvk − ~ω)

12 of 15 | Lecture 5.1 F. Giustino

Independent-particle approximation

E
n
er
g
y
(e
V
)

Wavevector

Si

• Transitions from occupied to empty states

• Energy conservation

• Momentum conservation

• Oscillator strength given by electric dipole
matrix element 〈uck|x|uvk〉

For a derivation see Chapter 10 of the Book
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Dielectric function and optical spectra
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Example: Dielectric function of silicon

~ω (eV) ~ω (eV)

ε 1
(ω

)

ε 2
(ω

)

Theory

Expt.

• DFT/LDA in the independent-particle approximation
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Dielectric function and optical spectra
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Example: Dielectric function of silicon

~ω (eV) ~ω (eV)

ε 1
(ω

)

ε 2
(ω

)

Theory

Expt.

• DFT/LDA in the independent-particle approximation

• ‘Scissor correction’ of 0.55 eV

• Excitonic peak observed at 3.2 eV missing in the calculation

• Phonon-assisted absorption below 3 eV missing in the calculation
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Dielectric function and optical spectra

15 of 15 | Lecture 5.1 F. Giustino

Example: Optical absorption coefficient of silicon
including phonon-assisted processes

Zacharias, Patrick & Giustino, PRL 2015
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An introduction to density functional theory
for experimentalists

Feliciano Giustino

University of Oxford

25–29 July 2016
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Lecture 5.2

DFT beyond the LDA
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PBE exchange and correlation

• Within the LDA the XC energy is approximated using the local density

ELDA
xc =

∫
drn(r) εHEG

xc [n(r)]

• ‘Generalized gradient’ approximations (GGA) incorporate information
about the density gradient

EGGA
xc =

∫
dr f [n(r),∇n(r)]
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Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)
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PBE exchange and correlation
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Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)

Atomization energies

From Table 1 of Perdew, Burke, Ernzerhof, PRL 1996

E
xp

er
im

en
t

(e
V

)
A

b
s.

d
ev

ia
ti

o
n

(e
V

)

|EPBE − Eexp|
|ELDA − Eexp|
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PBE exchange and correlation
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Perdew, Burke & Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996)
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Hubbard-corrected DFT
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Anisimov, Zaanen & Andersen, Phys. Rev. B 44, 943 (1991)

Cococcioni & De Gironcoli, Phys. Rev. B 71, 035105 (2005)

• 3d transition metal and 4f rare earth

• LDA underestimates the on-site Coulomb energy between electrons

• DFT+U adds Hubbard-like corrections to remedy this deficiency

• Important for strongly-correlated materials
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Hubbard-corrected DFT

7 of 17 | Lecture 5.2 F. Giustino

Anisimov, Zaanen & Andersen, Phys. Rev. B 44, 943 (1991)

Cococcioni & De Gironcoli, Phys. Rev. B 71, 035105 (2005)

Figure from: Cococcioni & De Gironcoli, PRB 2005

GGA LDA+UFeO (AF-II phase)

• Computationally efficient

• Hubbard U often used as an adjustable parameter

• Results can be very sensitive to U
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Hybrid functionals
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PBE0: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)

HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

• Improve upon semilocal GGA by including fully non-local Fock exchange
[see Lecture 1.2, slide 14]

EHF
x = −

∑
j∈occ

∫
dr1dr2

φ∗i (r1)φ
∗
j (r2)φi(r2)φj(r1)

|r1 − r2|

• PBE0 prescription

EPBE0
xc =

3

4
EPBE

x +
1

4
EF

x + EPBE
c

• Requires the evaluation of the non-local Fock exchange potential → Very expensive

VX(r, r′) = −
∑

j∈occ

φj(r)φ
∗
j (r
′)

|r− r′|
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Hybrid functionals
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PBE0: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)

HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

• HSE prescription: separate short-range and long-range coulomb interactions

EHSE
xc =

[
3

4
EPBE,sr

x +
1

4
EF,sr

x

]
+ EPBE,lr

x + EPBE
c

• The separation is carried our by breaking the Coulomb potential in two parts

1

r
=

erfc(κr)

r
+

erf(κr)

r
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Hybrid functionals
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PBE0: Perdew, Burke & Ernzerhof, J. Chem. Phys. 105 (1996)

HSE: Heyd, Scuseria & Ernzerhof, J. Chem. Phys. 118, 8207 (2003)

• Band gaps
Typically PBE underestimates band gaps while Hartree-Fock overestimates.
Mixing PBE and HF yields values closer to experiment

• Exchange fraction
Widespread practice of using the mixing fraction as an adjustable empirical
parameter

• Correlation
The correlation energy is still described at the PBE level. This misses
van der Waals corrections (slide 13) and dynamical effects (slide 14)
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van der Waals interaction
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Example: Two H atoms far away from each other

• Electronic ground-state wavefunction for non-interacting atoms

Ψ0(r1, r2) = φA1s(r1)φB1s(r2)

• Electron density

A B

• This is (roughly) what we would obtain within DFT/LDA
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van der Waals interaction
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Example: Two H atoms far away from each other

• We can obtain a lower-energy wavefunction by using
[Exercise 4.5 of Book]

Ψ(r1, r2) = Ψ0(r1, r2) +
α/4πε0
d3

φA2px
(r1)φB2px

(r2)

α = atomic polarizability

• The ground-state electron density is polarized

A B
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van der Waals interaction

• The density redistribution leads to an additional attractive potential
energy between the nuclei, the van der Waals interaction

U = −C
d6

• Not included in standard DFT

• Important for graphitic materials, biological systems, molecular crystals
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Example: Two H atoms far away from each other

Andersson, Langreth & Lundqvist, Phys. Rev. Lett. 76, 102 (1996)

Dion, Rydberg, Schröder, Langreth & Lundqvist, Phys. Rev. Lett. 92, 246401 (2004)

Grimme, J. Comp. Chem. 27, 1787 (2006)

Tkatchenko & Scheffler, Phys. Rev. Lett. 102, 073005 (2009)
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Many-body perturbation theory

The GW method
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Hedin & Lundqvist, Solid State Physics 23, 1 (1969)

Hybertsen & Louie, Phys Rev B 34, 5390 (1986)

KS −1

2
∇2φi(r) + [Vn(r) + VH(r)]φi(r) + Vxc(r) φi(r) = εiφi(r)

GW −1

2
∇2φi(r) + [Vn(r) + VH(r)]φi(r) +

∫
dr′Σ(r, r′, εi) φi(r

′) = εiφi(r)

Σ = GW

Electron Green’s function

Screened Coulomb interaction

• Based on quantum-field theory

• Mostly used to correct KS eigenvalues

• Scales as N4 (N number of atoms)
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Many-body perturbation theory

The GW method
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Hedin & Lundqvist, Solid State Physics 23, 1 (1969)

Hybertsen & Louie, Phys Rev B 34, 5390 (1986)

• DFT/LDA
• GW
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Many-body perturbation theory

Bethe-Salpeter approach

• Excited states described as coherent superposition of electron-hole excitations

|S〉 =
∑
cvk

AS
cvkâ

†
vkb̂
†
ck+Q|0〉

• Bethe-Salpeter equation (BSE)

(εck+Q − εvk)AS
cvk +

∑
c′v′k′

〈cvk|Keh|c′v′k′〉AS
c′v′k′ = ESA

S
cvk

• The eigenvalues ES yield the energies of electron-hole excitations (eg excitons)

• Used in combination with the GW method
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G. Strinati, Phys. Rev. B 29, 5718 (1984)

Onida, Reining & Rubio, Rev. Mod. Phys. 74, 601 (2002)

Rohlfing & Louie, Phys. Rev. Lett. 81. 2312 (1998)
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Many-body perturbation theory

Bethe-Salpeter approach
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G. Strinati, Phys. Rev. B 29, 5718 (1984)

Onida, Reining & Rubio, Rev. Mod. Phys. 74, 601 (2002)

Rohlfing & Louie, Phys. Rev. Lett. 81. 2312 (1998)Example: Optical absorption of LiF

••• Experiment

Standard DFT

Bethe-Salpeter

From: Rohlfing & Louie, Phys. Rev. Lett. 81. 2312 (1998)
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