ELASTICITY

When an elastic material is stretched, it returns to its original position. But
when it's over stretched beyond its limit point, it loses its elasticity and
becomes plastic, and later cuts or breaks.

-Richmond Akhigbe




THIS LECTURE

* Introduction to elasticity: strain and stress

* Elastic energy for bulk materials (with applications)
* Chemical stress and strain

* Abinitio theory of stress and elastic constants
 Examples




CONCEPT OF STRAIN

e Deformation of a material

® Linear strain (+=tensile, -=compressive) ® xz shear strain
(also xy and yz)
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® Definition: Given displacements , Eij = E( I ’) withi,j = x,y,z
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CONCEPT OF STRESS

® Measure of restoring force <——eo ﬁ'/A — 7]

e Stress 0 is analogous to pressure
- Acts across a surface
- Direction of force determined by surface normal
- Defined as force per unit area
- Sign is different (+ stress wants to contract)
- Is a tensor instead of a scalar (P corresponds to diagonal tensor)

® Obeys Hooke’s Law:
0ij = Xt Cijiki€rr (Physics)
Oy = Z[; Cap€p With @, B = xx,yy,2zz,xy,x2,yz = 1 ... 6 (engineering)

® For cubic Symmetry: Cll == sz G C33, Clz — 613 — 623, C4_4 — C55 — C66
(rest are 0)
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STRESS, STRAIN AND ENERGY =,

: : _E ’
e Define energy per unit volume u = v Fla= %4
e Work from F /A = —o-i implies g;j = a:_t_
ij

® Application:

Can find ideal strain/lattice vectors from gradient descent:

G,
DEij <—Eij—5' = :Eij_5°0ij

aeij




STRESS, STRAIN AND ENERGY

Total strain energy

ou

Equating Hooke’s law 0;; = Xx; Cij.k1€x1 With 0;; = o gives ...
ij
u
— C € =
5€ij Zkl 1];kl*kl

1
Austrain = EZij;kl €ij Cij;klekl

1 : .
AlUgirain = EZ“ﬁ €q Cop €p (Engineering)

(a,B = xx,yy,22,xy,x2,yZ =1 ...6)




STRESS, STRAIN AND ENERGY TR

@ Strain Energy (1): Cubic system, Isotropic strain s ol e

€1 €4 €Eg n \ .
e=|€1 €3. €] = n
€5 €6 €3 n

El — 62 = 63 — T), 64 — 65 —_ 66 e O (xx,yy,ZZ, xy’xz’yz)

1
® AUstrain = EZa,B €a Caﬁ €p

= %{Cll(elz + E% T E%) + C44(EZ + Eg + Eg) + C12(261€2 + 26163 + 26263)}
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=5 (€11 + 2C15) N
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STRESS, STRAIN AND ENERGY T
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e Strain Energy (2): Cubic system, Isovolumetric strain = * °

[ [ ] e

/
€1 €4 TEs 2n
€ = <e4 €> E6> = —n
€5 € €3 —1
€, =21,6,=—N, €3 =—1; €4 =€ =€z =0 (xx,vy,22,xy,x2,y7)

— %{Cll(elz + E% + 6%) 2 C44(Ef + Eg T Eg) + C12(2€16; + 26163 + 26263)}

= 3 (Cy1 — Cq2) 772




STRESS, STRAIN AND ENERGY

e Strain Energy (3): Cubic system, Pure Shear SH K

€1 €4 € ]
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€5 €g €3 n

€, =€,=€63=0;€6, =€, =0,ec =n (xx,yy,22,xy,xZ,yZ)

1
® AUstrain = EZa,B €a Caﬁ €p

1
= E{Cll(elz + E% T E%) + C44(EZ + Eg + Eg) + C12(261€2 + 26163 + 26263)}
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RELATION OF STRESS AND STRAIN TO ENERGY

Chemical stress and strain

e For small strain €;; and volume concentration of defects c, expand ...
o i ou(e,c=0) u(e =0
u(e,c) =u(e,c=0) + PR Zl-j < &
azu(e,czo) 0%u(e,c=0)
+ZU aCaEij l] e ZU kl L a(:' a(:‘kl Ekl 5

d
=uy+EWDc+c 2.0 l(] )Eu e Zu k1 €ij Cijikl €kt
(E(d)=energy/defect)

ou d
0, = ey =cao ( ) 4 Y.kt Cij:ki€x1 - defects generate stress, o,

(d)

i = chemical stress tensor

® The minimum energy of the crystal occurs when g;; = 0

<

=>€j=CcC (— YlC7 ik 0,51)) = c e P, Y = chemical strain tensor
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AB INITIO THEORY OF STRESS

Unstrained Strained




HELLMANN-FEYNMAN THEOREM FOR STRESS :

® Definition of stress: =

d 1 J\]
U= e 525 EO(EU) where Ey(€;;) = min EO(Ra(EL]) T,

deij Vcell deij R 1]

nie)
® Define 1,01(3?) (€ij), fl(o)(eij) arg wm;nl EO(Ra(EU) T, Y, %), so that

NGHE Eo(ﬁa(ei,o,f}”) (€)1 2 (€17)
e EoRaei) 717 (e 1,2 (€1)

By i (0)
JEg dR, /!:. dT%O) JEr dlan
Za + ZI 3- 2
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® Then, O-l'j

Veenn \ “%0Radeyj | 1 7 dey; = dey;

cell

= 7B S By (Ree), 77 () P () (@)

e Only needr( )(EU) 1/)( )(EU) from total energy calculation! (&) !!)
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AB INITIO COMPUTATION OF ELASTIC MODULI T

S - )
- Tz

T1

aO'ij

e For small distortions, g;; = ij Cijii€rt = Cijira = de
) ! kl

® Extract linear coefficient with central difference for small A€ ...

0ij(€=+6k"A€) —0j(€=—E6) - A€)
AYAY =

For all kl: U Cij;kl e

l.e.,

" o ® )-0/°)
Clii = 2-Ae
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AB INITIO COMPUTATION OF ELASTIC MODULI

Rocksalt MgO

a (A) E,(eVperMg0O) | B = SRR

(Mbar) |
4.21 10.33 1.55-1.62

4.161 (-1.1%) 11.80 (+14%) 1.71 (+7.9%)

4.221 (+0.3%) 10.4 (+0.7%) 1.64 (+3.4%)

Daykov, Engeness, Arias, PRL
DOI: 10.1103/PhysRevLett.90.216402




AB INITIO CHEMICAL STRESS AND STRAIN

ou
a(:‘ij b

Add 1 defect to supercell, Ag;; = (Vl ) l(]d).

d
gi; = ( (SR Cij.k1€kl

cell
d
= a(] ) = Veell (al- j(w/defect) — a;;(wo defect)) = Veell (al- Al
Divacancy defect in Si

n
(]

Divacancy in bulk silicon:
- Phys Rev Lett 94 025503, Ustune
DOI 10.1103/PhysRevLett.94.02

]
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CHEMICAL SURFACE STRESS TENSOR

AEads =

= Y Ly S(d) surt, y=adsorbate surface density
l(]d) = Veen|o1j(w adsorbate) — 0;;(wo adsorbate)|

Alkaline ORR on Co,0, spinel
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Bundschu ... Arias, to be submitted
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